CR11 - Graded exercise sheet - Week 2

Exercise 2.1: /10
Let A be a non-c.e. set. Use the finite extension method to prove that there exists a set B
which is not A-c.e. and such that A is not B-c.e.

Solution 2.1:
Recall that WX = dom ®X. We want to satisfy the following requirements for every e € N:
o Re: WA £ B.
o S.: WB #£ A.
If all the R-requirements are satisfied, then B is not A-c.e. If all the S-requirements are
satisfied, then A is not B-c.e.
Satisfying Re. Assume oy, is defined. Let z = |o,|. If ®2(x) 1, then take 0,41 = 0, 1.

Otherwise, let o,,4+1 = 0,,0.
Satisfying Se. Assume o, is defined. We have three cases:

e Case 1: there is some k ¢ A and some 7 > oy, such that £ € W7. Then let 0,41 = 7.
e Case 2: there is some k € A such that for every 7 > o, K € W/. Then let 0,41 = oy

e Case 3: none of the cases above hold. Then A = {k: 37 = o,k € W]} so A is c.e,
contradiction.

Recall that W, = dom ®,.

Exercise 2.2: /10
Show that Tot = {e : W, = N} is II-complete.

Solution 2.2:
First, let us show that Tot is I19.

Tot = {e : VaTItP.(z)[t] |}

The predicate P(e,x,t) = ®.(z)[t] | being computable, Tot is I19.

Let A = {z : Vy3zR(z,y,2)} be a 19 set. Let us show that A <,, Tot. Let f: N — N
be the computable function which to every n, associates the code f(n) of the function ® ()
defined as follows: On input y, ®¢,) searches for some z such that R(n,y,z) holds. If

found, ®(,,)(y) |, otherwise ® ¢,y (y) 1.

e If n € A, then for every y, there is some 2 such that R(n,y, z) holds, so ® (. is total,
so f(n) € Tot.

o If n ¢ A, then there is some y such that for every z, R(n,y,z) does not hold, so
D ¢(n)(y) T, hence f(n) & Tot.



