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Abstract

We present a Continuation Passing Style transformation of a multi-staged calculus and
prove that Plotkin’s main theorems, ie. Indifference, Simulation and Translation theorems
still hold. This transformation can serve as a basis of CPS optimisation-based multi-staged
compilers.

In this paper, we formally present a core Multi-Staged Calculus with its call-by-value
and call-by-name operational semantics, a corresponding Multi-Staged Theory and a CPS
transformation with proofs of its correctness.

1 Multi-Staged Calculus

In this section, we give a formal definition of the core multi-staged calculus A\g with its syntax
and small-step operational semantics.

1.1 Syntax
Expr ex= x| Ar.e|ee|boxe|unbox e |run e
Value® 0= x| Az.e | box v!
Value™(n>0) o™= x| Az.o™ | o™ o™ | box v | unbox v"! (n>1) | run v"

This language handles pure lambda calculus, ie. variables (z), abstraction (Az.e) and
application (e e), and staging constructs: box e encapsulates an open code template e which
is considered in another stage. unbox e serves as template composition and can be seen as
providing a "hole" in the code template. It is then well-defined only enclosed by a box operator.
run e executes a closed code template in the current environment. Staging constructs can be
arbitrarily nested.

We define inductively the set of free variables (Fig.1) and bounded variables (Fig.2) of an
expression. A closed expression e is an expression such that FV?(e) = @.

1.2 Operational Semantics

We provide small-step call-by-value (Fig.3) and call-by-name (Fig.4) operational semantics with

substitution (Fig.5). A statement of the form e ——, ¢’ (resp. e —y €') means "e expression
evaluates to €' at stage n with a call-by-value (resp. call-by-name) strategy".
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Free Variables

FVo(z) = {a}
FV™l(z) =g
FV°(\z.e) =FV°(e)\ {z}

FV™'(\z.e) =FV™!(e)

FV™(e1 e2)
FV"(box e)

— FV™(e1) U FV™ (e3)
= FV™(e)

FV™!(unbox ¢) =FV"(e)

FV"(run e)

=FV"(e)

Figure 1: Free Variables of an Expression

Bounded Variables

BV"™(x) =g
BV°(\z.e) =BV°(e)u{z}
BV™!(Az.e) =BV™'(e)

an(61 62)
BV"™(box e)

= BV"(e1) UBV"(e2)
— an+l(€)

BV™!(unbox e) = BV"(e)

BV"(run e)

= BV"(e)

Figure 2: Bounded Variables of an Expression

Operational Semantics (n > 0)

n+1 ’
e—y €

(ABS,)

n+1
Ax.e —, Az.e’

n ’
€1 —>v €

(APP,)

n ’
€1 €2 —>y €] €2

n

e—ve  wveValue™

n !
ve—yve

(Az.e)v =, [z S v]e

n+1 7
e—y €

(BOX,)

n
box e —s, box ¢’

(UNB, )

(RUN,)

e—y e

n+1
unbox e —, unbox ¢’

v e Value®

unbox (box v) v

n !
e —>y €

n
run e —, run e’

veValue!  FVy(v) =@

run (box v) in, )

Figure 3: Call-by-value Operational Semantics of Ag
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Operational Semantics (n > 0)

n+1 7
+1 e—qe
(ABS,) ¢ nd (BOX.) .
. n+l box e —, box ¢’
Ax.e —p Az.e’
n e n—“»,, e
(4PP) €1 —n €] (UNB,)
n

b n+2 b !
n -5
ey e . 63 e unbox e n UNDOX €

1
n+l v € Value
U n

e —g e v e Value

1
e} ; unbox (box v) —, v
ve—yve

n+1 7
e —np €

1
e—sne  veValue® (RUN,)

5 run e Lﬂm run e’
v (box e) — v (box €')

veValue!  FVo(v) =2

0 0
Ax.e1)es — [z~ esle
(Az.e1) ez —n [x = e2]er run (box v) o 1

Figure 4: Call-by-name Operational Semantics of Ag

Notation 1. Trough this paper we will introduce a few relations subscripted by  or 4, which
stands respectively for Call By Value and Call By Name. We will also use in some results
previously defined relations without subscript, meaning that it is valid with bothCBV and CBN
strategies (eg. Lem.5).

Finally when designing a same extension for relations having CBV and CBN definitions,
we will consider that subscript is induced (eg. Fig.18).

Notice that only closed template code can be executed with run operator, and that un-
box parameter is evaluated before code template. An open template code can be closed by
unhygienic composition:

(Az.box (Ay.unbox z))box y LV box (Ay.unbox (box y))
>, box (\y.y)

Substitution
= 9 o]y B { v ifx= y [z 1;1 v]Ay.e = Ay.gx w v]e .
y otherwise [z v]er en = [z 5 v]er [z v]es
E S vy = [z 5 v]box e =box [z e v]e
[z v])\y.e = { Ay 1f0x Bk [z "2 v]unbox e = unbox [z v]e
Ay.[z = v]e o.w [z 5 v]run e =run [z 5 v]e

Figure 5: Substitution over A\g

Notation 2. Being given a relation, we define its transitive closure, notated with the su-
perscript © and its reflexive transitive closure with superscript *. For example, the transitive

. n . n
reflexive closure of —y is —> .

We also define evaluation functions (Fig.7).
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Depth Function

depth(z) =0 B

depth(e1 e2)  =max(depth(e1),depth(ez)) depth(z.) = depth(e)
depth(e) 1 if depth(e) > 0 depth(unbox e) =depth(e) +1

depth(box e) = { 0 otherwise depth(run e) = depth(e)

Figure 6: Depth Function of Ag

Evaluation Functions

* *

0 0
ee Expr v e Value® e —>y U ee BExpr v e Value® e —n VU

evaly(e) =v evaly(e) = v

Figure 7: Evaluation Functions for Ag

1.3 Discussion about Call-by-name Operational Semantics

Intuitively, in a CBN strategy, a function call is directly applied without reducing its arguments.
Here we consider unbox e and run e as function calls. Hence we have removed 0-staged
reductions steps in our CBN operational semantics. As our functions unbox and run are
undefined for terms others than box, if there we give them an unreduced term as argument,
the execution sticks. Let’s see a few examples about differences between call-by-name and
call-by-value operational semantics.

The first one is substitution of arbitrary expressions instead of evaluating arguments to
value before making the application:

0
(Az.z) ((M\yy) 2) —y (A\zx) 2
0
—n (Ayy) 2
Another difference concerns operators applications at stage 0, like run and unbox. In Call-

by-value operational semantics, an expression is reduced to a value before applying the operator
while in Call-by-name evaluation order, if the expression isn’t a value, then the evaluator sticks.

run ((Az.z) (box Ay.y)) LV run (box \y.y) LV Ay.y
.. ERROR

Because of the absence of 0-staged reductions for arguments of an unbox, any n-staged,
n > 0, corresponds to a code composition, ie. (UNB,)[2] rule.

Until now, our interpretation of CBN for multi-staged calculus is quite natural. However,
in order to obtain a valid CPS transformation, it has been necessary to add an extra and
unnatural reduction rule in the case of application:

1
e—pe  veValue

v (box e) Lv v (box ¢')

As explained, 1-staged reductions correspond to a unbox (box v) . v reduction, so the
call-by-name behaviour remains at O-stage in the sense that there is no O-stage reduction as
argument of a function call. It is as well interesting to notice that there is no 1-stage reduction
as argument of unbox and run, ie the following code will stick in a CBN evaluation strategy:
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run (box (unbox (box €)))

whereas the following code reduces to (Az.e;) box ey still with CBN strategy:

(Az.e1) (box (unbox (box es)))

Remaining of this section will be dedicated to prove that there is no "natural" CPS-
transformation without this extra rule.
Let’s consider the following expression:

(Az.z) box (unbox (box x))

In a call-by-value reduction strategy, it evaluates to box xz. Now let’s consider a CPS
transformation [] : Expr — Expr having the simulation property. Then we have

[(Az.z) box (unbox (box x))]:k o, [(Az.z) box z]: k o, [box z] : k

Hence [(Az.z) box z] : k is not a value, but if the first sequence of reductions involves a
unbox (box v) =, v reduction, let e, e € Ezpr such that

[(Az.x) box (unbox (box x))]:k o 1 — e LN [(Az.xz) box z] : k

and the rules applied between e; and es involves (UNB,)[2]. As the reduction between e;
and e; is a 0-stage reduction involving (UNB,)[2], we have one of the following possible root
rules applied:

e (BOX,). In this case e; = (box ¢}) for i € {1,2}.

In this case, because of indifference theorem, reduction rules involve only rules common
to CBV and CBN operational semantics, then e; = box e}, with e} € Value! which is a

contradiction with the fact that ey —> [(Az.xz) box z] : k which is not a value.

. . 0 . . .
e (APP,)[1]. In this case e; = e, ey, e3 = €l e, with e, ~ el,. By induction, we arrive
to a case where ey = (((box el) e},) . ..eg). By the same reasoning as previous case,

es = (((box e}) el)...e) with e} € Value'. Then evaluation sticks, which is as well a

contradiction with ey 2, [(Az.z) box x] : k

We conclude from previous observation that there doesn’t exist a CPS transformation which
verifies together Indifference property, Simulation property and uses code composition in its
destination language if we don’t have our unatural extra rule. Intuitively, it comes from the
fact that when code composition occurs, there is no way to apply continuation afterwards: we
obtain either a value or evaluation sticks.

Another approach used in Plotkin’s paper consist of changing box semantics in destination
language as well as Plotkin changed his Constapply function.

2 Multi-staged Theory \°

In this section we introduce A and \J theories and state the Church-Rosser theorem for
equality. Proofs will be given in a further section.

Definition 1. \Y is a theory formulated in the following language:
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Alphabet:  a, b, c ... variables

A (G) improper symbols

box , unbox , run  operator symbols

=7 equality (Fig.8)

> reduction

>7 parallel reduction (Fig.24)
Terms: Terms are defined as in \g calculus

Formulas: If e1,eq are terms, then e; =" eq, e1 2™ es and e >V ey are formulas
b 1 ) 1

Definition 2. \Y is a theory formulated in the following language:

Alphabet:  a, b, c ... variables
A G) improper symbols
box , unbox , run  operator symbols
= equality (Fig.9)
>y reduction

Terms: Terms are defined as in Ag calculus

Formulas:  If e1,eq are terms, then e; =™ eq, e1 2™ ex and ey 27 ea are formulas

Equality (n >0)

n
(EREF,) e=le (EABS,) %
T.e =y \L.€e
e=ye ’
-v
(ESYM") 5 _n _n+l s
¢ve (EBOX,) A
v _n ’
o nn box e =] box e
v v
(ETRA,) T on o
v (EUNB,) -
, unbox e ="' unbox ¢’
e1 =, e}
(EAPP,) —— v
! e1 ez =y € €2 v € Value
o, unbox (box v) =L v
€2 =, €9
_n ! _n /
€1 €2 =y €1 €3 (ERUNV) €=y € .
run e =, run e
(Az.e)v =2 [z S v]e )
v € Value FVo(v) =@
0
(EALP,)  Az.e =0 My.[z = yle run (box v) =2 v

Figure 8: Call-by-value Equality for \g
Notation 3. Reduction relation 2} (resp. >') is defined from equality =0 (resp. =)') without
the (ESYM) rule.

Theorem 1 (Church-Rosser). Let ey, eq,e3 € Expr such that e; =) es.
Jes € Expr such that e1 2 es and eq 27 e3
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Equality (n >0)

_n
(EREFy) e=ne (EABS,) S
Az.e =p \x.e
ESYM e
( “) ’ n+l s
e'=e e=p""¢
(EBOX,) .
box e =] box e
e=ne e =e"
(ETRA,) o on
“n ~n
(EUNB,) -
unbox e ="' unbox ¢’
(EAPP,) !
" e1 ez =, €1 €2 v € Value?
unbox (box v) = v
e2 =y €5
:n ! e :77. e’
€1 €2 =y €1 €3 (ERUNn) r;l .
run e =, run e
(Az.e1)ez =0 [z S e2]el
veValue!  FVy(v) =@
0
(EALP,) Az.e =2 Ay [z = yle run (box v) =y

Figure 9: Call-by-name Equality for Ag

The proof of this theorem is given in section 4.1 and follows a proof scheme & la Martin-Lof,
ie. defining parallel reductions, proving local confluence and deducing from it global confluence.
We will present it under the version of Barendregt [1]

3 CPS Transformation

In this section we give a CPS transformation of the Ag calculus (Fig.10) and prove its main
properties, ie. Indifference, Simulation and Translation theorems. This transformation is an
extension of Fischer [2] & Plotkin [4] version to multi-staged calculus.

Assumption 1. All new variables are unique in the program. (A1)

We can respect this constraint by renaming variables when there might be some conflicts.
The CPS Transformation defined in Fig.10 is a function of type Expr — ExprxContext Stack.
We define the regular transformation [] : Expr — Expr from the previous one as follow:

Definition 3 (CPS Transformation). Let e € Expr such that e — (e, L).
[[6]] =def €

3.1 Input Set of CPS Transformation

Our CPS transformation is defined only when resulting context stack is empty. Lem.1 gives a
characterization of this subset as the set of expressions of depth 0. For example [box (unbox z)]
is defined, but not [box (unbox (unbox z))].

Our validity results will be proved on closed expressions of depth 0. This restriction is
quite natural as we can think of a program as a closed expression, and because having a code
composition operator outside a box would have no meaning. We can then reasonably assume
that any futur type system would reject expressions of higher depth.

Let define the following sets:
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Definitions

Transformation

(TVAR)

(TABS)

(TAPP)

(TBOX)

(TUNB)

(TRUN)

Context k= (e Ah.[]) | (e Ah.k)
Context stack K :==1| K,k

x> (Mk.(kx),1)
er (e K)
Az.e > (k. (k Ax.e),K)

e~ (e1, K1)  e2> (e2,K2)

e1 ea > (Mk.er (Am.e2 (An.((mn) k))), K1 K>)

e (& (K, K))
box e~ (Ak.k [k (box e)], K)

e (¢1)
box e~ (Ak.k (box ¢e), 1)

e (e, K)
unbox e~ (unbox h, (K, (e A\h.[-])))

e (e K)
run e — (Ak. (e (Am.((run m) k))),K)

Context Stack Merge Operator

1K = K
Kxi = K
(K1,N1)N(K2,H2) (K1NK2),(/€1[I€2])

Figure 10: CPS Transformation of A\g




September 6, 2011 ROSAEC-ROSAEC-2011-012 9

Ezxpr is the set of all expressions.
o WT Expr is the set of well-typed expressions with respect to Choi & al. type system [3]

CPS Ezpr the domain of [], ie. the set of all expressions of depth 0.

FEval Expr the domain of eval,, ie. the set of expressions reducing to a value using a
call-by-value strategy.

WT Expr ¢ CPS Expr ¢ Expr

It seems difficult to extend our validity result to the set of all expressions but because all
type systems are likely to accept a strict subset of CPS Expr, this challenge is not motivated.
Fig.11 shows relations between sets.

—
/

// CPS Expr \ \

[ \ \\

/
(‘ / Eval Expr

‘ [ \\ \
\ |

\
K

/

i
[ /\\

“r‘

|

W
\\ [\

\
WT Expr ‘
|

Figure 11: Diagram of Input Sets

We can define Plotkin’s ¥ function sending values to values (Fig.12).

¥ Function
U (x) =x
U(Az.e) =Azx.e
¥(box e) =box

Figure 12: Plotkin’s ¥ Function

We also define the length function over context stacks (Fig.13).

Length Function

length(1) =0
length(K, k) = length(K) + 1

Figure 13: Length Function over Context Stacks

Lemma 1 (Expression Depth is Context Stack Length). If e — (e,K) then depth(e) =
length(K).
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Lemma 2 (Value Preservation wrt. CPS Transformation).

veValue®  depth(v) =0
v (Ak.kE U(v),1)

We need to extend substitution to contexts and context stacks (Fig.14) to prove our sub-
stitution preservation wrt. CPS Transformation.

Substitution

SlK, [z 5 ]k m =maz(n-1,0)
le Ah.k ifz=nh

le A [z S v]k  otherwise

[ w v](e Ah.c) =[x = v]e Ah.[z w v]k

[
[z s v](e Ah.[]) =]z S v]e Ah.[-]

Figure 14: Substitution over Contexts and Context Stacks

Lemma 3 (Substitution Preservation wrt. CPS Transformation).
veValue® v (v,1) ew (e,K) length(K)=n m=maz(n-1,0)
[z v]e ([x S0 (v)]e, [z 5 \Il(v)]K)

For our Free Variable Preservation lemma, we need to extend Free Variables to Context
Stacks (Fig.15) and define Context Variables (Fig.16). Intuitively, Context Variables corre-
spond to variables binded by contexts, eg. h in (e Ah.[]).

Free Variables

FvV™(1) =g
FV™ (K, k) =FV™(K)uFV"™(k) m =maz(n-1,0)
FV°(e Mhk)  =FVo%e)u(FV(k)\{h})

FV™!(e Ah.k) =FV™(e)u FV™ (k)
FV™(e MAh[]) =FV"(e)

Figure 15: Free Variables over Contexts and Context Stacks

Context Variables

CV™ (L) =g

CV" (K,k) =CV"(K)uCV"™(k) m =maz(n—1,0)
CcVO (e Ah.k) ={h}uCV°(k)

CV™(e Ahk) =CV™ (k)

CcV®(e An.[])  ={n}

CV™l (e Ah[]) =o

Figure 16: Context Variables over Contexts and Context Stacks

Lemma 4 (Free Variables Preservation wrt. CPS Transformation).

ee Expr  depth(e)=n er (¢,K) m=maz(n-1,0)
CV™(K)UFV™(e) = FV™(e) U FV™(K)
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Corollary 1 (Free Variables Preservation at Stage 0 wrt. CPS Transformation).

ee Expr  depth(e)=0 e~ (¢, K)
FVO(e)=FVO(e)

Proof. As depth(e) =0, by Lem.1 K = 1, and then CV°(L) = FV°(1) = @ and apply Lem.4. [

Theorem 2 (Indifference). Let e € ClosedExpr such that depth(e) = 0.
evaly(e A\x.x) = eval,(e Az.x)

Proof. This theorem uses the same proof as Simulation’s one, noticing that each reduction of
translated expression is in the common subset of CBV and CBN operational semantics. See
section 4.2 for more details. O

Theorem 3 (Simulation). Let e € ClosedExpr such that depth(e) = 0.
U(evaly(e)) = evaly(e A\x.x)

Proof. Like Fischer & Plotkin’s version, our CPS Transformation generates administrative
redexes and we don’t have a direct simulation. We reuse then the Colon Translation which
removes administrative redexes and ensures diagram commutation:

Counter-example Simulation Property
e ln, e’
(\z.x) y 2, y ! !
I I ek by &k
Az.x) y k —(;Ln, yk | !

ek % ek

We need to extend Colon Translation to staged calculus and contexts. It is then of type
(Closed Expru Context) x Expr — Expr (Fig.17).
We first prove that e k ek (Lem.5), then that if e O, e then ek —> ¢ : k (Lem.6).

And to conclude the proof, we prove that if e sticks, then e k will eventually stick (Lem.7).
A complete proof is given is section 4.2. O

Theorem 4 (Translation). Let eq,eq € Expr such that depth(eq) = 0.
If e1 =¥ ey then e1 =0 ey and ey =0 ey. The converse is not true.

Proof. We prove that >!' is stable under CPS transformation Lem.8, and conclude using

-V

Church-Rosser theorem. Details are given in section 4.3. O

Colon Translation

vk =k ¥(v) v e Value®
(e1 €2):k =e1: ()\7714672 (An.(m n) k)) e1¢ Value®
(we):k =e:(Mn.(¥(v)n) k) ve Value®, e ¢ Value®
(v1v2) ik =(T(v1) ¥(v2)) k v1,v2 € Value®
(box e):k =r:(k (box ¢)) e (e, (1,K))
(run e):k =e:(Am.(run m) k) e ¢ Value?
(run v):k = (run ¥(v)) k v € Value®
(e M []):k =e:Ahk
(e Mh.k):k  =e:\h.k[k]

Figure 17: Colon Translation over Ag
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Reduction Rules

e— e
K"K (e An[]) = (€' AR.[])
K k=K' k e 25 e
PRI (e M.k) = (¢ Ak
K, k2 K,k o — 1

(e Ah.k) = (e Ah.K'

Figure 18: Reduction Rules over Contexts and Context Stacks

Outermost Context
K, L =1,k
w, (KK = (8, K),

Figure 19: Outermost Context over Context Stacks

Lemma 5 (CPS Transformation Evaluates to Colon Translation).

ke Closed Value® e (e, 1)

ek 0—+> ek
Lemma 6 (Reduction Preservation wrt. Colon Translation). Let ej,es € Expr and k ¢
Closed Value® such that depth(ey) =n, e LR e, e~ (e1, K1) and ez = (ez, K3).
o IfKi=1 th€n613k0—+>€21k and Ko = 1.
o If Ky =K1, K] (ie. K1 is the outermost context of K1) then
— If k1 = (en, Ah.[-]) with ey, € Value® then
[h 5 W(en)ler = ea and [h'5' W(en)]K] 5 K.

— If k1 = (en, Ah.k}) with e, € Value® then
15 W(en)ler > ex and [0 W(e)] (5], K7) " Ko,

— If k1 = (en AR[-]) with ey, ¢ Value® then eq = ex and
dej, such that ey, : k SR e,k and Ky = (i )\h.[-]) K.

— If k1 = (en, Ah.k}) with e, ¢ Value® then ey = es and
Je}, such that ep, : k SR ek and Ko = (i )\h.lill) LK.

In order to complete our Simulation theorem, we need to prove that if evaluation isn’t de-
fined, so is evaluation of translated expression whatever the reduction stragegy. An evaluator
is undefined if no further reduction rule applies, but current expression isn’t a value. We define
then inductively Sticksy Fig.20 and Sticks; Fig.21 sets corresponding respectively to expres-
sions which sticks with a CBV evaluation and a CBN one. Note that we assume expression is
closed, ie. we omit cases like x e, run z ... € Sticks".
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Sticksy (n20)

e € Sticksy
e € Sticks™™! (SUNB,) n+l

(SABS,) e ¢ Sticksn (unbox e) € Sticksy
e1 € Sticks" (unbox (\z.e)) € Stickss
(SAPPy) (e1 e2) € Sticksy (SRUN,) e € Sticksy
e € Sticksy  veValue™ (run e) € Sticksy
(v e) € Sticksy veValue!  FVo(v) +@
(sBOK,) ee Sticksf,llﬂ (run (box v)) € Sticks?
(box e) € Sticksy (run (\z.e)) € Sticks?

Figure 20: Sticks] for Call-by-value Operational Semantics of Ag

Sticksy (n>0)

e1 € Sticksy

(SAPP,) o
(SABS) e € Sticks™*! (e1 e2) € Sticksy
B Ax.e € Stz’cksfl”l ec Sticksff“ v e Value™?
(SBOX,) e € Sticks™™! (v ) € Stickst™
" (box e) € Sticksy ¢ ¢ Sticks™
(SRUN,) LR
e € Sticks™! (run e) € Sticks]
(SUNBy) n

(unbox e) € Sticksl*> veValue!  FVy(v) + @
(run (box v)) € Sticks?

(unbox (\z.e)) € Sticks;

1.0
e¢ Value® (run (Az.e)) € Sticksy

(unbox e) € Sticks, e ¢ Value®

(run e) € Sticks

Figure 21: Sticks] for Call-by-name Operational Semantics of Ag

Sticks™ (n>0)

e € Sticks™
K e Sticks™ ! (e Ah.[‘]) € Sticks™
(K, k) € Sticks™ e € Sticks™
x € Sticks™ (e Ah.k) € Sticks™
(K, k) € Sticks™ K € Sticks™

(e Mh.k) € Sticks™

Figure 22: Sticks™ over Contexts and Context Stacks
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Lemma 7 (Sticks™ Preservation wrt. Colon Translation). Let e € Expr, k € Closed Value®
such that depth(e) =n, e € Sticksl) and e — (e, K)
o If K =1 then Jeg such that e: k SN es and eg € Sticksg N Sticksg
o If K =k, K" with k = (e, \b.[-]) or k= (e Ah.K") we have three cases :
— Ifep € Value® and K' = 1 then [h S WU (ep)]e € Sticks! n Sticks..
— Ifen € Value® and K' = ko, K} then [h Y U (ep)]ka € Sticksl n Sticks}).

— Ifeptd Value® then Jey such that ey, : k 0—*> es and ez € Stickse N Sticksg.

Equality (n >0)

e1 =" e
Ky =" Koy (e1 ARJ:]) =" (e2 Ah.[])
(K1,k) =" (Ka2,K) e1 =" es
K1 =" Ko (e1 Ah.k) =" (e2 Ah.K)
(K, k1) =" (K, k2) k1 =" Ka

(e Ah.k1) =" (e Ah.k2)

Figure 23: Equality over Contexts and Context Stacks

Lemma 8 (> Preservation wrt. CPS Transformation). Let e1,es € Expr with depth(e;) =n
and e; — (ﬁ, K,) forie{1,2} such that ey 27 es.

o If Ky =1 then ey 2" e and Ky =1
o If Ky = k1, K then we have four cases.

— Ifky = (‘Lh Ah.[]) with ep, € Value® then
(B 5 W(en)]er > ey and [h'S U(en) K] 2" Ky

— Ifky = (ei )\h.m'l) with ey, € Value® then
7S W(en)]ex 2" €5 and [h"S W(en)] (k1, K1) 2" Ky

— Ifky = (ei )\h.[-]) with ey, ¢ Value® then e = ex and

Jej, such that e >° €}, and Ky = (e;L WAE ),K{

— Ifky= (‘Lh )\h.m'l) with ey, ¢ Value® then e1 =ey and
Jej, such that ey, >° e, and K = (i )\h./ﬁ’l) , K1

and in each case, at most one inequality isn’t an equality.
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4 Proofs

4.1

Proof of Church Rosser Theorem

Lemma 9 (Depth Preservation wrt. >"). Let e1,es € Expr. If ey >" ey then depth(er) >
depth(es).

Proof. By induction on the size of derivation tree and cases on root (IH).

Case (EREF).

Then e; = e5 hence depth(ey) > depth(es).

Case (ETRA). Je such that e; >™ e and e >™ es.

By (IH) depth(e1) > depth(e) > depth(ez).

Case (EAPP)[1] with e =€) €}, ea =€ €}, and €| >" €f.

By (IH) depth(e’) > depth(e]) and as depth(e1) = max(depth(e}), depth(es)) and depth(es) =
max(depth(ey), depth(eh)) then depth(ey) > depth(ez).

Case (EAPP)[2]. Similar to case (EAPP)[1].

Case (EAPP)[3].

As depth is stable by substitution, depth(e;) = depth(ez).

Case (EALP).

As depth is stable by a-renaming, depth(e;) = depth(es).

Case (EABS) with e; = Az.e], ea = Az.e}, and e] >" €.

By (IH) depth(e}) > depth(e}) and then depth(er) > depth(ez).
Case (EBOX) with e; = box €], ex = box e}, and e} >"*! ¢),.

By (IH) depth(e}) > depth(e}) and then depth(e;) = depth(e]) — 1 > depth(e)) - 1
depth(es).

\2

Case (EUNB)[1] with e; = unbox ¢/, e; = unbox ¢} and e} > e,.

By (IH) depth(e}) > depth(el) and then depth(e;) = depth(e}) +1 > depth(e) + 1
depth(es).

Case (EUNB)[2] with e;unbox (box v) and es = v.
Then depth(er) = max(depth(ez) —1,0) + 1 > depth(ez).

Case (ERUN)[1] with e; =run e}, es =run €}, and e} >" e),.
By (IH) depth(e}) > depth(es) and then depth(er) > depth(es).

Case (ERUN)[2] with e; =run (box v) and e = v.
As v e Value?, depth(v) = 0 and depth(ey) > 0 = depth(es).

O

Lemma 10 (Minimal Depth for Non Trivial >"). Let e1,es € Expr. If eq >™ eo then either
e1 = ey or depth(er) > n.

Proof. By induction on the size of derivation tree and cases on root (IH).
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e Case (EREF).
Obvious: e >™ ey and eq = es.
e Case (ETRA). Je such that e; >™ e and e >" es.
By (IH) we have 4 cases:
— Case e1 = e = ey then e = es.
— Case depth(e1) > n and depth(e) > n then depth(e;) = n.
— Case e = e and depth(e) > n then depth(ei) > n.
— Case depth(e1) >n and e = ey then depth(er) = n.
e Case (EAPP)[1] with ey = €] €}, es =€ €}, and e} >" €Y.
By (IH) either €] = ¢} and then e; = ey, or depth(e]) >n and depth(ey) > n.
e Case (EAPP)[2]. Similar to case (EAPP)[1].
e Case (EAPP)[3]. Then n =0 so depth(e;) > n.
e Case (EALP). Then n =0 so depth(ey) > n.
e Case (EABS) with e = Az.e], ex = Az.ef, and €] >" €.

By (IH) either €] = €}, and then e = ey, or depth(e}) > n and then depth(er) > n.

e Case (EBOX) with e; = box e}, e3 = box ¢} and e} >"*! e,
By (IH) either €] = ¢} and then e; = eq, or depth(e}) > n+ 1 and then depth(e;) > n.

e Case (EUNB)[1] with e; = unbox e}, ez = unbox e} and ¢} >"! ¢},

By (IH) either €} = e}, and then e; = ey, or depth(e}) > n—1 and then depth(e;) > n.
e Case (EUNB)[2] with e;unbox e'.

Then n =1 and as depth(ey) = 1 + depth(e’), depth(e1) > n.
e Case (ERUN)[1] with e; =run e}, ez =run e} and e} >" €).

By (IH) either €] = e}, and then e; = ey, or depth(e}) = n and then depth(ey) > n.

e Case (ERUN)[2]. Then n =0 and so depth(e1) > n.

O
Lemma 11 (n-reduction for >°).
Mz (My.e) x)2° \y.e
Proof.
Az (My.e) ) 20 o[y > z]e (EAPP[3], EABS)
S0y [z S y][y S ze (EALP, EABS)
>0 \y.e
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Parallel Reduction (n >0)

n+l s

e>7 (&
n
(PREF) exre (PEOX.) box e > box ¢’
U n !
e1 > el ex>7eh
(PAPP,) — e>t e
€1 €2 21 €1 ey (PUNBV) ") S
unbox e >7"" unbox e
exle w200

e>v  veValue!
!

0 9
(Az.e)v 2] [z~ v']e unbox (box e) >1 v

(PABS,) exr ¢ n
_ ¢e=€ S
Y Az.e >7 Az.e (PRUN, ) © =L c ,
run e >; run €
o s
(PALP,) czie e>! Value!  FVo(v) =
5 >1v  wveValue v(v)=a

run (box e) >} v

Figure 24: Call-by-value Parallel Reduction for \g

Lemma 12 (>7 is >} Transitive Closure). Let e,e’ € Expr.

ex>'e' < Jey,...,ex € BExpr such that e=ey >} ... > e =€
Proof. < is straightforward. We will prove = by induction on the size of proof of e >7 e’ (IH).

e (EREF,) Then e =e’. Obvious.

(ETRA,) Then e >} ¢ and " > €.

By (IH) Jeq,...,ex,...em such that e=e; 27 ... 2T ep=€” 27 ... 2T e, = €.
e (EAPP,)[1] Then e =¢, e, €' = €., e, and e, >7 €/,.

By (IH) 3ey,...,er such that e, = e; 27 ... >} e, = e,. By (PREF,) and (PAPP,)[1]

ea ep=ey e 27 ... 2T ex ey =€), ep.

e (EAPP,)[2] Similar to previous case.

e (EAPP,)[3] Then e = (A\x.e”) v and e =[x S v]e”.
By (PREF,) and (PAPP,)[2].

e (EALP,) Then e = Az.e” and €’ = \y.[x S yle”.
By (PREF,) and (PALP,).

e (EABS,) Then e = Az.eq, €' = Az.€), and e, >} el,.
By (IH) 3ey,...,e such that e, = e; 2T ... 27 e = €/,. By (PREF,) and (PABS,) Az.e, =
Az.ey 21 .. 20 Az.ep, = Ax.el,.

e (EBOX,) Then e = box ¢,, € =box ¢/, and e, >"*! ¢/

By (IH) Jey, ..., e such that e, = e 27 ... >7 e = el,. By (PREF,) and (PBOX,) box e, =
box e; > ... >7*! box e = box €.
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(EUNB,)[1] Then e = unbox e,, ¢/ = unbox €, and e, >" ! €/,.

By (IH) Jey,...,ex such that e, = e; >} ... >} e, = ¢,. By (PREF,) and (PUNB,)[1]
unbox ¢, = unbox e; >771 ... >""! unbox e;, = unbox ¢.

e (EUNB,)[2] Then e = unbox (box v) and €’ = v, v € Value'.

By (PREF,) and (PUNB,)[2].

e (ERUNy)[1] Then e =run e,, ¢ =run e/, and e, 2] el,.
By (IH) 3ey,...,er such that e, = e; 27 ... 2] e, = e,. By (PREF,) and (PRUN,)[1]
run e, =run e; >} ... >} run e, =run €.

e (ERUN,)[2] Then e =run (box ¢’) and ¢’ € Value'.
By (PREF,) and (PRUN,)[2].

O
Lemma 13 (Substitution Distributivity). Let eq,es,e3 € Expr.
x+y xe€BV"(e1)=>x¢FV™(e3) y¢FV™(es)
[z 5 e5] ([y o 63]61) = [y o[z 62]63] ([:E s 62]61)
Proof. By induction over the structure of e;.
e Casee; =x,n=0.
[y S [x S 62]63] ([x S 62]:17) = [y S [x S 62]63] es
=g (y ¢ FVO(e2))
=[x S es]x

e Casee; =y, n=0.

0

(02 102 cales | (2% 2ly) =[5 (2% eales]

e Case ey =2, z¢{z,yf orn>0

[y i [z 5 62]63] ([x S 62]2) = [ i [z~ 32]63] >
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e Case e; = Az.e, n=0. Then z ¢ FV%(e3).

y S [z S 62]63] ([:v S eg])\x.e) = [y S [x S 62]63] Ax.e

=[y S es]\x.e

Sl 6] ([y S eg]me)

e Case e; = \y.e, n=0.

19

(z ¢ FV(e3))
(z ¢ FV(e3))

[y [z 62]63] ([J: > eg| Az e) = Az. [y 5[z 62]63] ([a: s 62]6)
= Az [r % ea] (v esle) (1H)
=[x es] ([y s eg])\z.e)
e Case e = ¢, €.
y [ eles | ([0 e2] (ea )
= [y > [ o 62]63] ([m o 62]6,1) [y o [z o 62]63] ([x - eg]eb)
=[o % el (ly ™ eslea) [o% ea] ([y ™ esles) (1H)
=[5 eo] ([?J = e3] (e eb))
e Case e; = box e.
[y 5[z 62]63] ([x 5 ey]box e) =box [y e [x e 62]63] ([sc e 62]6)
=box [z w es] ([y e 63]6) (TH)
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e Case e; = unbox e.

n+1 +1

[y e [z~ 62]63] ([x "% e3]unbox e) = unbox [y [z 62]63] ([x s 62]6)
= unbox [z e;] ([y s eg]e) (IH)

= [z w es] ([y B e3 Junbox e)

e Case e; =run e.

[y P 62]63] ([Jc ~ eg]run e) =run [y [z~ 62]63] ([Jc eg]e)

—

:[xllL)QQ]([yHej rum e

O
Lemma 14 (>7 Preservation wrt. Substitution). Let e1,ez,eh € Expr.
ea 2t e,  FV™(eh)nBV"™(e1) =2
[2 5 esler 27 [2 05 eh]er
Proof. By induction over the structure of e;. (IH).
e Casee; =z, n=0.
[z 5 es]x = ey
>0 el
) [x ehle
e Casee; =y, y+x orn>0.
[ e2ly=y
21y ((PREFy))
> [z ]y
e Case e; = Ax.e, n =0.
0
[~ ea]Az.e = Ax.e
29 A ((PREF)

>0 [z 5 eh] e
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Case e1 = e, €.

Case e; = box e.
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Case e; = \y.e, y#x or n > 0.

[2 5 es] (box ) = box [z e esle

e Case e; = unbox e.

>" box [z ' e} ]e

> [z eh] (box e)

[z e e2] (unbox e) = unbox [z = ey]e

e Case e; =run e.

>"*1 unbox [z > e} ]e

>n+1

> [z e e5] (unbox e)

[2+5 €3] (run €) =run [z ey]e

> run [z eh]e

>" [z eb] (run e)

21

(IH, (PABS,))
(FV™(e)nFV(e1) =)

(IH, (PAPP,)[1])

(FV™(er) n FV(e1) = 2)

(IH, (PBOX,))

(IH, (PUNB,))

(IH, (PRUN,))

Lemma 15 (>} Preservation wrt. Substitution). Let e1,e],ez,e5 € Expr.

sn o/
e; 27 €;

FV™(eh)nBV"(ey €] €5) =@

z ¢ BV"(e1)

[z N esler 27 [z S ehle

Proof. By induction over the size of proof of e; >7 ¢} (IH).

e (PREF,) Then e; = ¢} and we apply Lem.14.
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e (PAPP,)[1] Then e; = e, €y, €] =€, €, eq 27 e, and e, >7 €.

(25 ea] (eq ) =[x ex]eq [z V5 ea]en
>0 [z 5 ehlel, [z ehep (IH, PAPP,)
>} [z e3] (e, €p) (FV™(e3) N BV"(e1) = @)

e (PAPP,)[2] Then e; = (Ay.e) v, €] =[y S v']e/, e >V e’ and v 29 0.
1 1 1

— Casex =y

[x S ez2] (Az.e) v=_Az.e) [z S ez v

> [ac S [z S e;]v'] e (IH, PAPP,[2])

>1 [2 5 e[z > )¢

~ Case s +y.
(2% es] (Mgee) o= (/\y.[a: 9 eg]e) (2% es]o
>n [y S [zl 6’2]1)’] ([z S e;]e') (IH, PAPP,[2])
57 2% ey S o] ([x S eQ]e')
STz > ey][y > v']e’ (y ¢ FV(e3))

e (PABS,) Then e; = Ay.e, €] = Ay.e’ and e 2} €.

[2 5 ea]y.e = Ay.[z > es]e (x ¢ BV™(e}))
>0 Ny [z 5> ehle’ (IH, PABS,)
> [z 5 eh]\y.e’ (FV™(ey) nBV™(€}) = @)

e (PALP,) Then e; = Ay.e, €] = Az.[y S z]e’ and e 29 ¢’
— Case y = x.
[z S es]\r.e = \x.e

0 (PALP,)
Ol S es]hz.[z S z]e (FV°(e) n BV (e1) = 2)
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— Case y # x.

[z S es]N\y.e

=Ay.[z S esle

29 2.y S 2][x S ehle’

0 0 ,

23

(z ¢ BVO(e))
(IH, PALP,)

29 Nz [z [y = 2]eh] ([y > z]e') (Lem.13, z ¢ BVY(e}), y ¢ FV°(e)), PABS,)

50 N[z S )] ([y 9 z]e') (FVO(eh) n BV (e1) = @)

01z S ey ]az[y S 2]e’ (FVO(eb) n BVO(e!) = @)

(PBOX,) Then e; = box e, €} =box ¢’ and e > ¢

[ es]box e = box [z e ese
>! box [z e eh e’

> [z eh]box ¢’

(PUNBy)[1] Then e; = unbox e, e] = unbox €’ and e >} ¢'.

[x w ezJunbox e = unbox [z ey]e

n+1

!
21

unbox [z e)]e

n+1
>+ 25 ¢} Junbox ¢’

(PUNB, )[2] Then e; = unbox (box e), €] € Value! and e >} €.

[x S ez] (unbox (box e)) = (unbox (box [z S 62]8))

>1 [z S es]e)
PRUN,)[1] Then e; =run e, ¢j =run ¢’ and e >} ¢’.
1 1

[2 5 es]run e = run [z 5 es]e

> run [z /> eh]e’

> [z eb]run €

(PRUN,)[2] Then e; =run (box e), €} € Value! and e >} e].

[z S ezJrun (box €) = run (box [z 5 62]6)

(IH, PBOX,)

(IH, PUNB,[1])

(IH, PUNB,[2])

(IH, PRUN,[1])

(IH, PRUN,[2])
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Lemma 16 (Expression Constructor Preservation wrt. >7).

If Ax.eq > eg then e} € Expr such that

e1 27 e} and (ex = Ax.e] or ez = Ay.[x S ylet).

If eq ep 27 eq then e, e, e € Expr such that

1

(e; > e} forie{a,b} and es =€, €}) or (eq = Az.€), and e3 = [z S ey e

where €}, 29 €/ and ey, 27 €} ).

If box ey >7 ey then 3e| € Expr such that e >7*' €] and e; = box €.

If unbozx e; >+ ey then e} € Expr such that

(e1 27 €} and ey = unbox €} ) or (e; = box €}, es € Value! and e >1 ey).

If run ey >V eg then 3e!| € Expr such that
(e1 27 €} and es = run €} ) or (e; = box €}, ex € Value® and €] >} es).

Proof. By induction over proof length of e > ey (IH).

(PREF,).
— Case e = A\x.e;. Then ey = Az.eq, so for e} = e; and by (PREF,) e; >} e} and
€2 = \x.ej.
— Case e = e, e5. Then ey = e, €, so for €], = e,, e = e, and by (PREF,) e, >7 e,
ep 27 e and ey =€), ej.
— Case e = box e;. Then ey = box e; so for €] = e; and by (PREF,) e; >7*! e} and
es =box €.

— Case e = unbox e;. Then ey = unbox e; so for ¢} = e; and by (PREF,) e; 71 ¢}

and ey = unbox e].

— Case e = run e;. Then ey = run e; so for e/ = e; and by (PREF,) e; >} €} and
1 Y 1 €1
e =run e’l.

(PAPP,)[1] Then e = e, ey, e2 =€), €y, e, > €;, and e, 27 €.

(PAPP,)[2] Then e = (Az.€},) ep, €2 =[x S eplel, el >V el and e, 2 ej.

(PABS,) Then e = Az.eq, es = Ay.ef and ey 27 e].

(PRUN, )[1] Then e =run e, ex =run e} and e; > €f.

O

Lemma 17 (Value Preservation wrt. >7). Let v,v" € Expr such that v € Value™ and v >} v'.
Then v' € Value™.

Proof. By induction over the length of proof of v >} v" (IH).
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(PREF,) Then v =v'. Trivial.

v = ) )
(PAPP,)[1] Then v =¢, e, v =€, €, €4 27 €, and e, >7 €.

€q, ey € Value™ and by (IH) el..ep € Value™. So e, e, € Value™.

(PAPP,)[2] Then v = (A\y.e) v, v' =[y S vole’, e 20 e and vy > vs.

e,v1 € Value® and by (IH) €', v; € Value® so [y S vole’ € Value.

(PABS,) Then v = Ay.e, v' = Ay.e’ and e > ¢’

e € Value™ and by (IH) e’ € Value™, so A\y.e’ € Value™.

e (PALP,) Then v = Ay.e, v’ = Az.[y S z]e’ and e >Y €

e € Value® and by (IH) e’ € Value®, so A\z.[y S z]e’ € Value®.

(PBOXy) Then v = box e, v' =box €’ and e>tl el

e € Value™! and by (IH) e’ € Value™! so box ¢’ € Value™.

PUNB,)[1] Then v = unbox e, v’ = unbox e’ and e >} ¢’
1

e € Value™ ! and by (IH) e’ € Value™ !, so unbox e’ € Value™.

(PUNB,)[2] Then v = unbox (box ¢), v’ € Value' and e >} e]. Trivial.

(PRUN,)[1] Then v =run e, v' =run ¢’ and e >} €’

e € Value™ and by (IH) e’ € Value™, so run e’ € Value™.

(PRUN,)[2] Then v = run (box ¢), v’ € Value' and e >{ e/. Trivial.

Lemma 18 (>} Confluence). Let eq,eq,e3 € Expr such that e; >7 ea and e; >7 es.
Jey € Expr such that ea 27 eq and e3 27 eq

Proof. By induction over the sum of lengths of proof of e; >} e2 and e; >} e3 (IH) and by case
analysis of last rule of e; 27 es.

e (PREF,) Then e; = e5 and we can take ey = e3.

o (PAPP,)[1] Then e1 = e, ey, €2 =€, €, €4 27 €, and e}, >T €.
By Lem.16 we have two cases:
— Case e3 = el e and e; >7 e/ for i € {a,b}. By (IH) e, e}’ € Expr such that

e; >0 el and e] >7 e for i € {a,b}. Then for es =€’ e i by (PAPP,)[1] we are
done.

— Case e, = Az.e, e3 = [z S ey lel with e 29 €/ and e, >0 ef. By (IH) 3eZ’ e}’ € Expr
such that e} >7 e/’ and e} >7 e}’ for i € {a,b}. Then for ey = [z S e, ey by
(PAPP,)[2] and Lem.15 we are done.

e (PAPP,)[2] Then e = (Ay.e) ey, €2 = [y S eplel, e>% el and e, 29 e},

By Lem.16 we also have two cases:

— Case e3 = A\y.[z S ylel e) and e; >0 e/ for i € {a,b}. By (IH) 3¢/ e}’ € Expr such

that e} >9 e and e/ >0 e’ for i € {a,b}. Then for e, = [z S e)'lel)! by (PAPP,)[2]
and Lem.15 we are done.
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0
— Case e3 = [z = e Jell with e >{ e/ and e}, >{ e}. By (IH) 3e/, e}’ € Expr such that
e, > e and e > e}’ forie {a,b}. Then for e4 = [z S e;j']el)’ by Lem.15 we are
done.

e (PABS;) Then e; = Ax.€], e2 = Ax.e}, and €] 27 €.

By Lem.16 e3 = Ax.e} or e3 = A\y.[z S yles, with e} > e5. By (IH) Jej € Expr such that
eh >T ey and e 27 e). For eq = A\x.e; and by (PALP,) we are done.

e (PALP,) Then e; = Az.e}, e3 = Ay.[x = y]e, and €] >V e

0
—
0
=

By Lem.16 e = Az.ef or ez = A\y.[z — yles, with e} >T eg. By (IH) 3e); € Expr such that

0
e, 21 e} and e} >T e)). For eq = A\y.[z ~ y]e} and by (PALP,) we are done.

e (PBOX,) Then e; = box ¢/, e3 = box €} and ¢} >7*1 ¢l

By Lem.16 e3 = box ej with e} >7* e5. By (IH) 3¢ € Expr such that e} >7*! ¢} and
eh >7*1 ¢}, For e4 = box ¢} and by (PBOX,) we are done.

e (PUNB,)[1] Then e; = unbox ¢, e; = unbox e} and €] >7 €}

By Lem.16 we have two cases:
— Case Ele3 € Expr such that 63 =unbox ¢} and e} >77! e4. By (IH) 3¢} € Expr such
that e} >77! ¢} and e} >7"! ¢}. For e4 = unbox ¢/ and by (PUNB,)[1] we are done.

— Case e} € Expr such that e} = box e}, e >} e3 and 63 € Value By Lem.16
eh = box el with e} >} ef. By (IH) 3e4 € Expr such that e} >1 e4 and e3 >] e4. By
Lem.17 and (PUNBV)[ ] we are done.

e (PUNB,)[2] Then e; = unbox (box €}), €] >] es and ey € Value'.
By Lem.16 we have two cases:
— Case e} € Expr such that e3 = unbox (box e}) and ¢} >{ e5. By (IH) Jey € Expr
such that ey >] e4 and e} >} e4. By (PUNB,)[1] we are done.
— Case €} >} e3 with ez € Valuel. By (IH) Je4 € Expr such that ey >1 4 and e3 >1 e4.
By Lem.17 e4 € Value! and by (PUNB,)[2] we are done.
e (PRUN,)[1] Then e; = run €}, es = run ¢} and e} > €.
By Lem.16 we have two cases:
— Case e € Fxpr such that e3 = run e} and e} >7 e5. By (IH) Je} € Exzpr such that

eh >1 e}y and e} >T e/). For e4 = run e/ and by (PRUN)[1] we are done.

— Case 3ef € Expr such that ¢} = box ey, e’l’ > e3 and e3 € Value'. By Lem.16

Jel) € Expr such that e) = box e and e >} ej. By (IH) Jes € Expr such that
el >1 eq and e3 >] e4. By Lem.17 e4 € Value' and by (PRUN)[2] we are done.

e (PRUN,)[2] Then e; =run (box ¢}), ¢} >] es and e € Value'.
By Lem.16 we have two cases:
— Case Jef € Expr such that e3 = run (box e}) and ¢} >% e5. By (IH) Jeq € Expr

such that ez >} e4 and e} >} e4. By Lem.17 ey € Value' and by (PRUN)[2] we are
done.

— Case €] >1 e3 and e3 € Value!. By (IH) 3ey4 € Ezpr such that e; >} e4 and e3 >1 ey.
By Lem.17 e4 € Value! and by (PRUN)[2] we are done.
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O
Lemma 19 (> Confluence). Let eq,ez,e3 € Expr such that ey 27 ea and e >3 es.
Jey € Expr such that ea 27 eq and e3 27 ey
Proof. By a straightforward induction using Lem.12 and Lem.18. O

Proof of Church-Rosser Theorem (Th.1).
Let’s recall the theorem:

Let e1,e2,e3 € Expr such that ey =} es.
Jes € Expr such that eq > e3 and eg 27 e3

By induction on the proof length of e; =)} e5 (IH).

(EREF,) Then e; = ez so for eg = e; we are done.
(ESYM, ) Then ey =} e; with a shorter proof. We can apply (IH).
(ETRA,) Then e; =} e and e =] es.

By (IH) Je},eh € Expr such that eq > e}, e 2 €], e 27 e} and ez 27 e}. Then by Lem.19
Jes € Expr such that €] >7 es and e}, > e3. By (ETRA,).
(EAPP,)[1] Then ey = e, ey, e2 =€) e, and e, =1 e

By (IH) Je; € Expr such that e, > e; and e/ > e;. Then for e5 = e} e, and by
(EAPP,)[1].

!
a*

(EAPP,)[2] Similar to previous case.

(EAPP,)[3] Then e; = (Az.€”) v and e2 = [x S v]e”.
For e3 = e3 and using (EAPP,)[3] and (EREFy).

(EALP,) Then e; = Az.e and ey = \y.[z S yle.
For ez = e and using (EALP,) and (EREF,).

(EABS,) Then ey = Ax.e, ex = Az.e’ and e =} ¢’
By (IH) 3ej € Expr such that e >] e and €’ >] ej. Then for e3 = Az.e; and by (EABS,).

(EBOX,) Then e; = box ¢, e3 =box ¢’ and e =j*! ¢'.
By (IH) 3e} € Expr such that e >0 e} and e’ >7*! €}. Then for e3 = box €} and by
(EBOX, ).

~—  —

(EUNB,)[1] Then e; = unbox e, e; = unbox ¢’ and e =" ¢’.
By (IH) 3ej € Expr such that e > e and e’ 277! €}. Then for e3 = unbox e} and by
(EUNB,)[1].

(EUNB,)[2] Then e; = unbox (box e3), ez € Value'.
For e3 = e5 and by (EUNB,)[2] and (EREF,).

(ERUN,)[1] Then e; =run e, e3 =run ¢’ and e =) €'.

By (IH) Je§ € Expr such that e > e; and e’ >I e. Then for e3 = run e} and by
(ERUN,)[1].

(ERUN,)[2] Then e; = run (box e3), e € Value'.

For e3 = e5 and by (ERUN,)[2] and (EREFy).
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4.2 Proof of Indifference and Simulation Theorems

Lemma 20 (Context Stack Length Preservation wrt. »). Let Ky and Ky be two context stacks.
length(K; n K3) = max(length(K1),length(K3)).

Proof. By induction on structure of K, Ko and definition of .

e K; = 1. Thenlength(K3) > length(K1) and length(K1xK>) = length(K3) silength(Ky»
K5) = maz(length(K1),length(K>).

o Ky =1. Thenlength(Ky) > length(Ks) and length(K1xK>s) = length(K1) silength(Ki»
K5) = max(length(Ky),length(Ks).

[ ] Kl = (K{,Hl) and KQ = (Ké,lﬁ)g).

length(Ky » Ky) = length(K] » Ki, k1[r2])
=length(K{w Kj) +1
=max(length(K7),length(K5)) + 1 (IH)
=max(length(K7) + 1,length(K3) + 1)
=maz(length(K1, k1),length(K}, k3))
=mazx(length(K1),length(K3))

O
Proof of Lem.1. By structural induction on Exzpr (IH).
e ¢=x. depth(z) =0. By (TVAR) K = L. Hence depth(x) = length(K).
e c=)ze, e~ (,K).
depth(e) = depth(e’)
=length(K") (IH)
=length(K) (TABS)
® c=¢€1 €2, €1 (ﬂaKl)a €2 = (QaKQ)
depth(e) = max(depth(ey),depth(es))
=max(length(K1),length(Ks)) (IH)
=length(K; w Ky) (Lem.20)
= length(K) (TAPP)
e ¢e=box ¢,
— Case ¢’ » (€', (K',K)).
depth(e) = max(depth(e’) —1,0)
=maz(length(K', k) - 1,0) (IH)
= maz(length(K"),0)
=length(K") (length(K") 2 0)

=length(K) -1 (TBOX)
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— Case ¢ — (€, 1).

depth(e) = max(depth(e’) —1,0)
=max(length(1) —1,0)
=0
=length(K)

e =unbox ¢, ¢’ — (¢/,K").

depth(e) = depth(e’) +1
=depth(K") +1
= depth(K)

e=run ¢, ¢~ (¢, K').

depth(e) = depth(e”)
= depth(K")
= depth(K)

Lemma 21 (Context Stack Length Upper Bound for Values).

Proof. By structural induction over v and case analysis over Value™(n > 0) (H1).

veValue™ v (v,K)
length(K) <n

v=x. By (TVAR), K = 1 so length(K) =0<n.

v=Azx.v, v € Value™.
By (H1), '~ (', K) and length(K) < n.
By (TABS) v+ (v, K).

v = v Vg, U1,Vs € Value™.
By (H1), v; = (vi, K;) and length(K;) <n. , i€ {1,2}.
By (TAPP), v ~ (v, K1 x K3).

By Lem.20, length(K; » K2) = maz(length(K7),length(K3)) < n.

v=box v, v' € Value™!.
By (H1), '~ (v, K) and length(K) <n+1.
By (TBOX)

— K=1. v (v,1) and length(1) =0<n
— K=K k. v~ (v,K') and length(K") < length(K)-1<n

v =unbox v, v' € Value™ .

Because n > 1, v’ € Value™(n > 0) and we can apply (H1).
By (H1), v' » (v/, K) and length(K) <n-1.

By (TUNB), v = (v, (K, K)).

Then length(K, k) = length(K) + 1 < n.

v=run v, v’ € Value™.
By (H1), '~ (v', K) and length(K) <n.
By (TRUN), v > (0, K).

29

(IH)
(TUNB)

(IH)
(TRUN)
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Proof of Lem.2. As depth(v) =0, v~ (v,1) Lem.1.
We now prove by cases on definition of Value® that v = \k.k ¥(v).

e v=u.
z=Xk.(k z)
= \k.k U(x)
o v=\x.e.
Az.e = Ak.k \x.e
= \k.k ¥(z)

e v=box v/, v e Value'.

box v' = M\k.k (box v)
=M.k ¥(box v")

Let’s define the NewVars predicate over contexts:

30

(TVAR)

(TABS)

(TBOX, Lem.21)

NewVars(e Ah.[-]) ={h} ; NewVars(e Ah.x)={h}uNewVars(k)

Lemma 22 (Substitution Preservation wrt. Context Closure). Let v € Value®, k € Context,

e € Expr u Context and x ¢ NewVars(k).

[z v] (sle]) = ([ v)n) [ vle]

Proof. By induction over the definition of substitution extension (IH).

o = (e Ah.[-]).
[z 5 0] ((¢ A[]) [e])

[z v] (e Mh.e)

:cr—>ve Ah.[ z»—>v]e)

(i
(x»—>ve Ah.[ ])[x»iv]e
(

xS ] (€ )\h[]))[x»iv]e

o k= (e Ah.r).
[o > 0] ((¢" Mr') [e]) = [2 5 v] (¢ Aw'e])

ac»—>ve Mz 0] (K'e ]))

\_/

(
(
(m'—w}e [z 5 0]k
(1

xS ] (e )\hn))[:c»iv]

x»—>ve )\h [m»v]/@')[[ = vle

])

(z ¢ NewVars(k))

(z ¢ NewVars(k))

(TH)
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O

Lemma 23 (Substitution Preservation wrt. w Extension). Let v € Value® and Ky, Ky two
context stacks and n > length(K; » K3).

[x s v](Ky x Ky) =[x NS v] Ky w [z o v] Ko
Proof. By induction over the definition of context stack merge operator (IH).

o Ki=1. [250](LnKy)=[z5v]Ksy =[x v]Lx [z v]Ks.

e Ko=1. [25v])(Kiwl) =[x v]K) =[z5 0] Ky w [z o]l

o Ki =K ki and Ky = K}, k.
= v]

=hﬂvﬂKth)h»vMﬂ@] (m = max(n-1,0))
SMUQNKQ(m»va[xSM@] (Lem.22)

V] s [ 0] K, (Lo vl ) [[2 5 v]hs (IH)
:UxH@KDp vl ) w ([ ™ 0] K, (25 v]hs )
= [z B 0](K] k) x [@ > 0] (Kb, ko)

O
Proof of Lem.3. By structural induction over Ezpr.
® ¢c = y
— Case y=x and n =0.
[x S vl =v
— (Ak.k U(v), 1) (Lem.2)
o ([z 2 T(0) (M 2), [z > U(v)]L)
> ([z 5 U(v)]z, [ & U(0)]K) (TVAR)
— Casey+x orn>0.
[z 5 oly=y
> (Mek y, 1) (TVAR)
e ([ 5 ()] (M ), [2 5 T (0)]L)
e ([ 5 W (0)]y, [ T(0)]K) (TVAR)

e e=)\y.e
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— Casex=yand n=0. ¢~ (¢, K').
As depth(e’) = depth(e) = length(K) = length(K') =0, K' = 1.

[2 S v]dz.e’ = Ax.e’

e (Aek Az.e’, 1) (TABS)
o ([2 3 T(v)] (Mek Aa.e'), [z T(v)]L)
o ([2 0 U(0)|Aze [z > W(v)]1) (TABS)

— Caseyzzorn>0. e~ (e,K').
By (IH) [z > v]e’ = ([z > U(v)]e/, [z 5 W(0)]K"). (1)

[z 5 v]hy.€e = Ay [z v]e

> (Mkk Ay [z 5 U(0)]e, [z 5 W(0)]K) (TABS, 1)
o (253 U(v)] (Mkk My.e)), [z T(0)]E)
> ([o 5 W) Ay [2 5 ()] K') (TABS)

e e=e¢j ey € (e, K;) fori=1,2
By (IH) [z v)]e; = ([z = W(v)ei, [2 = W(0)]K). (1)

[w 0] (1 e2) =[x v)]er [&+> 0)]er

= Ak [z 5 T (v)]es (/\m.[:r S W (v) ez (An. ((m n) k))) ,

[2 5 U(0)] Ky [z U(v)]Ks) (TAPP, 1)
o ([ 5 U (v)] (Ak.er (Am.ex (An. ((m n) k)))),
[2 5 U(v)] (K % K>)) (Lem.23)
= (LB w(@)] (e ), [2 5 W(0)] (K1 K>)) (TAPP)
e c=box e e (,K").
By (IH) [z 5 v]e' w ([z > U(v)]e, [z = ¥ (v)]K"). (1)
Case K' = 1.
n+l o,

[z v]box € =box [z v]e
- ()\k.k (box [ \Il(v)]Q') , J_) (TBOX, 1)
o (L5 ()] (M (box ), 1)
= ([ U(v)] (box '), [# % W(v)]1) (TBOX)
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Case K'= K" |k

[z 5 v]box €' = box [z e v]e’

o Mok ([25 T(0)]k) [box [¢ B T(v)]e'|, [z 53 U(v)]K”
( |

(TBOX, 1)
o (L2 W) (M k ki [box €]), [¢ 7% W (v)]K") (Lem.22)
= ([2 5 ()] (box ¢'), [# 7% W(v)]K") (TBOX)
e c=unbox €. ¢/~ (¢/, K').
As length(K) =n, n>0 by (TUNB).
By (IH) [z = v]e’ > ([ ¥(v)]e, [z = ¥(v)]K). (1)

[ v]unbox ¢’ = unbox [z > v]e’

(unbox h, [z U(v)]K' [z 5 > U(v)]e’ (Ah. [])) (TUNB,1)
~ (unbox h,[z > \Il(v)](K' e (\h. [])))

(
o (1 (@) (ambox 1), [ 51 w()] (1! (A1)
{

z 5 U(v)]unbox ¢, [z 5 \If(v)]K) (TUNB)

e c=run €. i’H(g’,K').n .
By (IH) [z = v]e" = ([z = W(v)]e, [¢ = T(v)]K"). (1)

vle’
> (Mo B w()]e! (mrun (m k), [z ¥(v)]K')  (TRUN, 1)

13

[z v]run e’ = run [z

> ([ w@)] ke, Omrun (m k), [z 5 U(0)]K')
= ([e % U(0)Jrun ¢/, [z 7% ¥ (0)]K) (TRUN)

O

Lemma 24 (Free (resp. Closed) Variables Preservation wrt. w). Let K1, Ko € Context Stack
such that Ym,CV™(K1)nCV™(Kz) =@

FV"(Kl X KQ) = FVn(Kl) UFV”(KQ)
CV"(K1 X KQ) = CV”(Kl) (@] CV”(KQ)

Proof. By induction over the size of K x K5 and case analysis of K; and Ky (IH). The proof
is done with F'V but it is strictly the same for C'V.

o Ki=1. FV'(K; nKy) = FV'(Ky) = FV™(1) U FV(K>).
° KQ =1. FV"(Kl X Kg) = FV”(Kl) = FV”(Kl) UFV”(J_).
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e Ky =Ki,r and Ko = K}, ko.
As Indep(K1, K3), Indep(k1,k2) and then FV™ (k1[k2]) = FV™ (k1) UFV"(k2). (1)
FV™ (K1, k1) w (K3, k2)) = FV™ (K = K3) , k1[k2])
= FV" (K] % K3) UFV™ (k1 [#2])
= FV" 1 (K])u FV™ ! (K}) U FV™ (k1 [k2]) (TH)
=FV" Y (K)UFV" Y (K)UFV™ (k) UFV™ (kg) (1)
=FV"(K{,k1)UFV™ (K}, K2)

O

Proof of Lem.4. By induction over the size of e and case analysis of transformation rules (IH).

— CVOL)UFV(2) =@ u{a} = FVO(\k.(k z)) U FVO(1)
— CV™(L)UFV™ Y (z) =gu@ = FV"™ (\k.(k z)) u FV™(L).

e c=)\z.e’ with e —» (¢/, K).

OV (L) uFVO(\x.e’) = FVO(e/) N {=}
=(FV () UFV (1))~ {=} (TH)
= (FVO (k. (k Aa.e)) U FVO(1)) ~ {x}
= (FV° (M. (k Ax.e)) N {z}) u FVO(1)
=FVO(\z.e) UFVO(1)

CV(K)UuFV™ (\z.e/) = CV"(K)u FV™(¢)
=CV"(K)uFV™! () uFV"(K) (IH)
= FV"™ (¢)u FV"(K) (IH)
= FV™ ! (\k. (k Az.€)) U FV"(K)
= FV™ (\z.’) U FV"(K)

e c=c; ex with ¢; = (e}, K5), i € {1,2}. m =maz(n-1,0).

CVm(Kl X KQ) UFV"(61 62)

=CV™(K))uCV™(Ky) UFV"™(e1) U FV"(eq) (Lem.24, A1)
= CV™ (K1) UCV™(K2) UFV™(e1) UFV™(e3) U FV™ (K1) U FV™(Ky) (IH)
= FV™(e1) UFV™(e3) UFV™(K;) U FV™(Ky) (IH)
= FV"(e1) UFV"(e3) U FV™ (K} % K») (Lem.24, A1)

=FV" (Ak.er (Am.es (An.((mn) k))))u FV™ (K% Ky)
=FV"™(e1 e2) UFV™(K)
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e c=box ¢ with e’ » (¢/, K’).
— Case K' = 1.

CVO (1) uFV?(box ¢') = FV! (¢')
=FV()uFVO(1)
= FV?(\k.k (box €))uFVY(1)
= FV° (box ') U FV°(1)

— Case K'=K,xk and n=0. Then K = 1.

CVO(1)uFV° (box €)

=FV'(e)

=(FV' () UFV? (K,k))\ CV° (K, k)

(FV' () UFVO (K,Kk))\CV° (k)

(FV°(box ¢ ) uFV(K)uFV°(k))\ CVO (k)

((FV°(k box ¢/)\ {k})uFV(K) u FV’(k)) \ CV° (k)
(

(

(FV° (k box €) u FV (k)N CV° (k) ~ {k}) u FV(K)
FVO (s[k box €'])~ {k}) u FV(K)

= FV° (\k.k[k box €']) u FV(K)

= FV? (box ¢') UFV’(K)

— Case K'=K,kand n>0

CV™(K)uFV" (box €')

=CV™(K)uFV™ ()

=CV™K)u((FV™ (YU FV™ (K, k)N CV" (K,K))
=CV™EK)u ((FV™ () FV™ (K, k)N CV™(K) N CV"(k))
=CV™EK)u((FV™ (YU FV™ (K, k)~ CV"™(k))

= (CV™(K, k)N CV™ (k) U ((FV™! () U FV"™ (K, k)N CV"(k))
= (CV™(K,k) UFV™ ! () U FV™ (K, k) N OV (k)

= (FV™' () FV"™ (K,k))\ CV"™(k)

= (FV™ () UFV™(K) uFV"(k)) N CV" (k)

=(FV"(kbox ) UFV™(K)UFV"(k))\ CV"(k)

= FV" (k[k box ¢']) u FV"(K)

= FV" (\k.s[k box €¢']) u FV™(K)

= FV" (box ¢)u FV™(K)

35
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e ¢ =unbox ¢’ with ¢/ » (¢/, K').

CV™(K', (e M\h.[]))u FV™! (unbox ¢')

=CV™(K"YuCV™ (e Ah.[])uFV™(e)

=CV™(K'YUFV™ (h) u FV"(¢")

=CV™(K'YUFV™(R)UFV" (¢)u FV"™(K") (IH)
=FV"(h)uFV" () u FV™(K") (IH)
= FV" () UFV™ (¢ (\h.[])uFV™(K')

=FV" (h)u FV" (K', (el (Ah.[])))

= FV™! (unbox h) U FV"™ (K’ (¢ (Ah.[1])))

= FV"*! (unbox ¢') u FV" (K)

e e=run €.

CV™(K)UFV™(run ¢') =CV™(K)u FV"(e")
_CV™(K) U FV" () U FV™(K) (TH)
PV () U FV™(K) (TH)
“ PV (k. (¢ (m. ((run m) £))))uFV™(K) (A1)
=FV" (run ¢’) u FV™(K)

O

Proof of Lem.5. As e — (e, 1), then because of Lem.1 depth(e) = 0, then e isn’t an unbox.
Hence e concides with one of the cases of colon translation. By induction on the size of e and
cases of colon translation (IH):

e ceValuel.

ek=(\kEk T(e)) k (Lem.2)
Ny U(e)
2, ek
ec=uve. v e Value® and ¢’ ¢ Value®
(ve) k=kv Om.e (An.((mn)k)))) k (TAPP)
= (M. Ak.k O (v)) (Am.e” (An.((m n) k)))) k (Lem.2)

2 Ok T(0)) (Ame (. ((m n) k)))

= (e’ (An. ((mn) k))) W (v)

e (W (T(v) n) k)

e (W (v) 1) k) (IH)

L(ve’):kz
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® c=¢€1 €3.

(er.e2) k= (Vees (meea (. ((m ) 1)) &

N e1 (Am.@ (An. ((m n) k)))
Zer: (\maey (n((m n) )))

O—>(€1 e2): k

— Case 1 = (e Ah.[]).
box e’ k= (Ak.ep Ah. (k (box €'))) k

> e A (k (box ¢'))

2, en: M (k (box ¢))
s (en ML) 5 (k (box &)

o, (box €') : k

— Case k= (ep, Ah.K").
box e’ k= (Mk.ep Ak’ [k (box €')]) k
2 " k' [k (box )]
2, en AR [k (box )]
2, (en Ak) : (k (box ')

0—>(box e):k

(run ') k=(A\k.(¢/ (Am.(run m) k))) k
e (Am. (run m) k)
LIy (Am. (run m) k)

o, (run €'): k

37

e1,es ¢ Value®

(TAPP)
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e e=run v. v e Value®
(run v) k= k. (v (Am. (run m) k))) k (TRUN)
= (Ak. ((M\k.E O (v)) (Am.(run m) k))) k (Lem.2)

2 (Mek U(v)) (Am. (run m) k)
o, (Am. (run m) k) ¥(v)
U (run ¥(v)) k

SR (run v): k

Lemma 25 (Context Closure Evaluates to Colon Translation).

k e Closed Expr k€ Context

H[k]0—+>1€1k

Proof. By case analysis over the definition of .
e k= (e \.[]).
k[k] =e Ah.k
O e bk (Lem.5)
(e ML)k

o k= (e Ah.r").
k[k] = e A\h.K'[k]
e Ah.k'[K] (Lem.5)

2 (e AK') 1k

O
Lemma 26 (Outermost Context Preservation wrt. w). Let (k1, K1), (k2, K3) € Context Stack.
length(K1) > length(Ks)
(k1, K1) % (K2, K2) = k1, K
length(K7) = lenght(Ks)
(Hlv Kl) s (n27 KQ) = k1 [FLQ]a K
length(K1) < length(Ks)
(K1, K1) % (K2, K2) = Ko, K

Proof. By induction over the definition of Context Stack Merge Operator.
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e Case K1 =Ky=1.

(Klal) s (HQvl) = (la’il) s (J-v’{Q)
= 1,k1[K2]
= K1[ka], L
= k1[ka], (L ® 1)

e Case K; =1 and Ko = K}, k}.

(K‘l’l) o (’i27 (Ké7’%l2)) = (la”fl) M ((H%Ké)v’%é)
(Lw(r2,K3)), k1[K5]
KQvKé)vﬂl["{IQ]

Ko, (K3, ra[K5])

e Case K; = K1,rk} and Ko = 1.

(w1, (K1, k1)) » (K2, 1) = (K51, K1), K1) % (L, K2)
((HlaK{) s J—)’Hll[ﬁﬂ
(11, K1), K[ k2]
= k1, (K1, k1 [K2])

e Case K; = K{,k} and Ky = KJ, k5.

(’ilﬂ (K{ﬂﬁll)) X (’%27 (K£7"$,2))

((51, K1), 51) w (2, K3), 15)

((HlaK{) s ("‘72,Ké))”€,1[’€,2]

(5, K'), K1 [5] (IH)
= K, (K, k1 [3])

Lemma 27 (Reduction Preservation wrt. ).

n* , n* ,
K, — Kj Ky — K

Kix Ky = Kl w K}
Proof. By induction over the definition of Context Stack Merge Operator.
e Case K;=1. Then K| = 1. 1nKy=Ky —— Kj=1mK}.

e Case Ky=1. Then Kh=1. Kjwl=K > K| =K!nl.
o Case Ky = K,,k1 and Ky = K, k3. Let m = maz(n —1,0). Then Ki = K/, &} with

* *
m n
K, — K and k1 — K{.
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As well K} = K, k) with K, 2 K and ky ~ ).
(Kq, k1) % (K, k2) = (Ko % Kp), k1 [ k2]
-, (Ko % Ky), £ [K2]
s (K K, 5[]
s (K K3, 64 ]

= (K, mY) (K, k)

40

O

Proof of Lem.6. By induction on the size of e and by cases according to the definition of —O>v
(IH). We will show only interesting cases. The other cases are straightforward inductions like

in (ABS,).

e Case (ABS,).

(TABS)

e'ln—ﬂn,e'z er (e, K)

(ABSy)

Az.€) el Az.€h
Then e; = Az.€], e = A\z.e}, €] — (ﬁ, (Hl,K{)) and n > 0.
— Case 1 = (en, A.[]) and e, € Value®.

[l (en)]Aa.eq = [h > U(en) Mk (k Az.ef)
= Ak.(k Az.[h 5 W (en)]e))
T Nk (k Aa.eh)

*

n
— A\x.e5

*
; n—1

By (TABS) and (IH) [A5 U(ep) K] > Ko.
— Case 1 = (en, M.[]) and ey, ¢ Value®.
Az.ey = Mk.(k Az.e})
= Ak.(k Az.ch)

_ !
= \T.e,

By (TABS) and (IH) K> = (¢}, Ah.[]), K with ey : Lol k.

Az.e = (Ak. (k Az.e),K)
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— Case K1 = (‘ih )\h.n'l) and ej, € Value®.

(7> U(en)]Az.ef = [ T(en) Ak.(k Ax.e])

= M.k Az[h S W (en)]el) (A1)
T Nk (k Az.ch) (IH, n > 0)
5 e

n-1*

By (TABS) and (IH) [A "5 W(ep)] (k) K]) "> K.

— Case 1 = (ep, Ah.k]) and ey, ¢ Value.

Az.eq = Mk.(k Az.e})
= Me.(k Az.e)) (IH)

_ !
= \T.e,

By (TABS) and (IH) K = (e}, Mh.it ), K{ with ey, 1k > ¢, : k.

e Case (APP,), n=0.

— Case 1:
;" ’
(APPV) €1 —v €2
7o " ron
€1 €1 —>y €y €9
(TAPP) e1 = (e1, K1)  ex > (e2,K3)

e1 eg > ()\k.(il ()\m.@ (An.((m n) k:))),Kl M K5)
Then e; = €] € and ey = €} e with €] = eh.

(ef e):ik=¢l: (/\m.ci’ (An. (m n) k))

o, ey (/\m.ei'l’ (An. (m n) k‘)) (TH)
o, es (for some e3)

If e} ¢ Value® then ez = (e} €}) : k. Otherwise
es = (Am.el (An.(m n) k))w(eh)

e (An. (U (eh) n) k)

0+ 14 !
— ey (An. (¥(e3) n) k)
R ey4 (for some ey)
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If ell ¢ Valueo then ey = (6’2 6,1,) k OtheI‘WiSe
ey = (An. (U(eh) n) k) (e’
2 (W(eh) W(e)) K

NG

— Case 2:
; n ’ n
e] —ve, veValue
(APP,) RN
1 v U €
(TAPP) €1 (ﬂa Kl) €2 = (672; KQ)

e1 ea > (Ak.er (Am.ea (An.((mn) k))), K1 K>)

. 0
Then e; = v €] and e3 = v €}, with e] — e5.

(vey):k=el:(An. (¥(v) n) k)

e (e (U(0) n) k) (IH)
o, es (for some e3)

If €} ¢ Value® then ez = (v €}) : k. Otherwise
ez = (An. (¥(v) n) k) ¥(ey)
0 /
— (V(v) ¥(ey)) K

(v eh) ik

In cases 1 and 2, as 1w 1 = 1, by (TAPP) and (IH), K5 = 1.
— Case 3:

(APP,) (Az.e)) v —5y [z v]e,

err (e, K1) e2~ (e2,K2)
e1 €2~ (Ak.er (Am.ex (An.((mn) k))), K xK>)

(TAPP)

Then e1 = (Az.¢}) v, v e Closed Value® and es = [z > v]e!.
(Az.eh) v): k= (T(\z.e}) U(v)) k
:(()\:c.i) \Il(v)) k
o, ([g; S W(v)]i) k
[z S v)ef k (Lem.3)

UR ([x S v]e'l) k (Lem.5)

By (TAPP), (IH) and (Lem.3), K3 = L.
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e Case (APP,), n> 0.
— Case 1:
oo
(APP,) fo v
€a € —y €, €)
e1 = (e, K1) e (e2,Ka)
(TAPP)
e1 €2~ (Ak.er (Am.ex (An.((mn) k))), K xK>)
Then e = e, €y, €2 =€), ey, €4 = (€a, (Ka, Ka)), €0 = (ep, (K5, Kp)), €l (Q, K,;’)
« If depth(ep) <n then by Lem.1 and Lem.26 k1 = Kq.
- If k1 = (e AR.[]) and ep, € Value®.
[hs U(en)ler =[h ut (ep)]Ak.eq (Am.ey, (An.((m n) k;)))
= M [l s Wen)lea (Ama[h s (en)les (M. ((mn) k)
= \k.[h > U(en)]ea (Am.ey, (An.((mn) k))) (A1)
2 ke, (Ameey (An. ((m ) k))) (IH)
SN el ep
[0 "= W (en) KT = [0 W(en)] (K w Ky)
- ([h ! \If(eh)]K;) " ([h ! \I/(eh)]Kb) (Lem.23)
- ([h n q:(eh)]K;) « K, (A1)
"L K wEK, (Lem.27, TH)
LK,

- If k1 = (ep Ah.k}) and ej, € Value. The proof of [h S W(ep)]er —— eg is
exactly the same as in previous case.

[h "5 W (en) (5], KY)

[0 "5 W (en)] (K, (K, w 1))

=[S W(en)] (w7, KL)% Kp) (Lem.26)
= [h "5 W(en)] (v, kL) w (A5 W(en) 1K (subst-csmo)
= [h 5 W(en)] (5, L) w Ky (A1)
"L KK, (Lem.27, IH)

s Ky
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- If k1 = (en AR.[]) and ey, ¢ Value®.

e1 = Me.eq (Am.ey (An.((mn) k)))
= Mk.ey, (Am.ey (An.((mn) k))) (IH)

&)

By (IH), 3¢}, such that ey, k - ¢, : k and K7 = (¢f, Ah.[]), K}

Ky = K!'w K,
= ((en M[) K1) w Ko (IH)
- (i ,\h,[.]) (K. Ky) (Lem.26)

Itk = (ei )\h.lill) and e, ¢ Value®. The proof of e; = e is exactly the same
as in previous case.

By (IH), Jej, such that ey : k U e, +kand K/ = (6;1 )\h./i'l) VK.

K2 :K{;’ [l Kb
=((e}, Mky), K. ) x K, (IH)
((ch At ). )
= (i )\h.lﬁ}ll)7(K; x Kp) (Lem.26)

* If depth(ep) = n then by Lem.1 and Lem.26 k1 = Kq[kp]. Similar to previous

case.
— Case 2:
; I n
(4PP,) €] —v € _ v € Value
vel —, v el
(TAPP) €] = (‘ih K1) €2 (Q, K5)

e1 eg > ()\k’.ﬂ ()\m.gg (An. ((m n) k))),Kl n K)

Similar to case 1.

e Case (BOXy), n=0.

6,1 n_+1)v 6,2 €= (Q, (K,Ii))

(BOX,) (TBOX)

r_n /
box e; — box €

1
Then e; =box €], e; =box €}, €] — (i, (K,n)) and ej — €.

As depth(ey) = 0, depth(e}) <1 and as €] R eh, depth(e}) =1
We have then K = 1 and e5 = (€5, 1). So « is the outermost context.

box e » (Mk.k [k (box e)],K)
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— Case £ = (ep, Ah.[-]) and e), € Value®. Then depth(e}) = 0. (1)
(box €}) : k= (ﬂz /\h[]) : (k (box i))
=ep : Ah. (kz (box i))
= (M. (k (box ¢1))) (en)
ok (box [h S ‘I’(eh)]i)

2k (box e3) (IH)
o, (box ¢€5) : k (1)

— Case k = (ep Ah.[]) and ey, ¢ Value®. By (IH) e} = €5, then depth(es) > 1 and as

depth(ez) = 0 then depth(e}) = 1. (1)
(box e}): k= (en Ab.[]): (k (box e’l))
=ep : Ah. (k (box i))
=i M. (k (box e})) (IH)
RAEASY. (k (box et)) (TH)
o, (i )\h[]) : (k (box 6'2))
o, (box ¢€5) : k (1)
— Case k = (% /\h.n’) and ey, € Value®. Then depth(e}) = 0. (1)

(box €}) : k= (en Ah.K'): (k: (box é))
=ep : MK [k: (box é)]

(Ah.n’ [k (box 31)]) U(en)

2 (00 wenw') [k (box (1> w(en)et )| (A1)
< ([h > \If(eh)]ﬂ’) [k (box €3] (IH)
(1 wen )« (i (box ¢3) (Lom.25)
%, (box ¢) :k (IH, 1)

— Case £ = (e, Ah.k') and e), ¢ Value®. By (IH) e} = e5 and like in second case
depth(el) = 1. (1)
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(box ¢4) k= (e Ahr'): (1 (box 1))

(box )] )

2, (box €b) - k (IH, 1)

e Case (UNB,)

— Case 1:

6,1 i)v 6,2 (TUNB) € (§7 K)
unbox e~ (unbox h, (K, (e Ah.[-])))

(UNB,)

n+1
unbox ej —, unbox €}

Then e; = unbox ¢}, e, = unbox €} and ¢} ——, e,. We have also e; — (g, (K{’, (ﬂ )\h[])))

and eg — (@7 (Ké’, (é )\h[]))) e1 = ez = unbox h.

% Case n=0. Then K{'= Ky = 1. By (IH) €} : k LI eh k.
Taking ej = e5 satisfies condition Jej, such that e : k L, e, and Ky =
(ej, AR.[-]), L.
« Case n > 0. By (IH) it is straightforward.
— Case 2:

v € Value! er (e,K)

(UNBV) (TUNB) unbox e — (unbox h, (K, (§ )\h’[])))

unbox (box v) v

Then e; = unbox (box v), v € Value' and ey = v.
Since n =1, K7 = 1, (box v Mh.[-]) and K3 = L.

So trivially [h > U(en)] K] = [ > U(ep)L = 1 = K.

[h S U(en)ler = [h S (box v)]unbox h

=unbox [h S (box v)]h
=unbox ¥ (box v)
=unbox (box v)

0
— v

e Case (RUN,), n=0.

— Case 1:
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n

e —y €5 e (e, K)
RUN, (TRUN)
( ) run ¢, >, run ¢, run ¢~ (Ak. (¢ (Am.((run m) k))), K)
Then e; = run e}, e = run ¢}, and e} R eh.
(run €}) :k =€} : (Am.(run m) k)
o, ey (Am. (run m) k) (TH)
o, es (for some e3)
If e} ¢ Value® then ez = (run €)) : k. Otherwise
e3 = (Am. (run m) k) ¥(es)
2, (run ¥(ey)) k
LR (run e5) : k
— Case 2 :
Value!  FV, =g K
(RUN,) —o M 0(v) (TRUN) dad CLY)
run (box v) O run e~ (Ak. (e (Am.((run m) k))),K)
Then e; = run (box v) with v € Closed Value®.
(run (box v)):k=(run ¥ (box v)) k
= (run (box v)) k
vk (FVO(v) = @, Cor.1)
O vk (Lem.5)

And for both cases Ky = 1 by (TRUN) and (IH).

O

Lemma 28 (Sticks™ Preservation wrt. Context Closure). Let k € Context and e € Expr such
that k € Sticks™ with n > 0. Then k[e] € Sticks™.

Proof. By induction on the size of x and cases of Context definition (IH).
e Case k = (e, Ah.[-]).
Then ey, € Sticks™ and k[e] = e, Ah.e € Sticks™ by (SAPP).
o k= (ep N.K).
— If ej, € Sticks™ then k[e] = e, Ah.k'[e] € Sticks™ by (SAPP).
— If Kk’ € Sticks™ the k[e] = e, A\h.k'[e] € Sticks™ by (IH), (SABS) and (SAPP).
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Lemma 29 (Depth Lower Bound wrt. Sticks™). Let e € Expr such that e € Sticks™. Then
n < depth(e).

Proof. By induction on the size of e and cases according to the definition of Sticks™ (IH).
Let n = depth(e).

Case (SABS) : e = \z.e’ with e’ € Sticks™.
By (IH), depth(e’) > n then depth(e) = n.

Case (SAPP[1]) : e=ey ez with ey € Sticksy.
By (IH) depth(e1) 2 n and as depth(e) > depth(ey) then depth(e) > n.

Case (SAPP) : e =v ¢’ with v € Value™ and e’ € Sticks].
By (IH) depth(e') > n and as depth(e) > depth(e’) then depth(e) > n.

Case (SBOX) : e = box €’ with ¢’ € Sticks™L.
By (IH) depth(e’) 2 n + 1. Then depth(e) = depth(e') -1 > n.

Case (SUNB[1]), e = unbox ¢’ with e’ € Sticks?!.
By (IH) depth(e’) >n—1. Then depth(e) = depth(e’) +1 > n.

Case (SUNB[2]) : e = unbox (Az.¢').
depth(e) > 1 =n.

Case (SUNB,[3]) : e =unbox ¢’ with ¢’ ¢ Value®.
depth(e) > 1 =n.

Case (SRUN[1]) : e =run €’ with e’ € Sticks].
By (IH) depth(e’) > n. Then depth(e) = depth(e’) > n.

Case (SRUN[2]) : e=run (box v) with v € Value! and FV,(v) # @.
depth(e) >0 = n.

Case (SRUN[3]) : e=run (Az.¢).
depth(e) >0 =n.

Case (SRUN,[4]) : e =run €’ with e’ ¢ Value®.
depth(e) >0 =n.

O

Proof of Lem.7. By induction on the size of e and cases according to the definition of Sticks}

(IH).

Case (SABSy) : e = \x.e/ with €’ € Sticks! and e’ — (€¢/, (k, K')).
depth(e’) = depth(e) =n and €’ € Sticks] hence we will be able to apply (IH) on e'.

— If e, e Value® and K’ = 1.

[he> Ulep) e’ = [h > T(en) Mok Aae’

= Mok Az [h > (ep)]e
€ Sticksl n Sticks} (IH, SABS, SAPP, SABS)
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— If e, € Value® and K’ = ko, K} then (IH) applies.
— If ep, ¢ Value® then (IH) applies.
e Case (SAPP,[1]), n=0: e=e; ey with e; € Sticks®.
depth(ey) = depth(ez) = 0 and e; € Sticks? hence we will be able to apply (IH) on e;.
(e1 €2) 1 k=er:(Am.es An. (m n) k)

ey (IH, e, € Sticks® n Sticks?)

e Case (SAPP,[1]), n>0: e =e; ey with e; € Sticks].

depth(e) > depth(er) and by Lem.29 depth(e1) > n = depth(e). Hence depth(e) =
depth(e;) = n and we can apply (IH) on e;.

We will treat only the case depth(e1) = depth(ez) then by Lem.26 k = ke, [Ke, ]| with
€1~ (ﬂv (H€i7Kei))'

— Case ej, € Value® and K., x« K., = L.
(B> Ten)]er ea = [hms W(en)] (Mreer (Ameea (An.((m n) k))))

= (Wl wenler (Wb wen)les O () )
€ Sticks® n Sticks? (IH, SABS)

— Case e € Value® and K., x K., =, [r, ], (K. « K. ) with K., =« , K/ .

(> wen) Pt [, ] = (T > wen) Dt ) T > wen) i, (Lem.22)

€ Sticks! n Sticks. (IH)

— Case ep, ¢ Value®. By (IH), if k., = (ei )\h.[-]) then x = (ei M.k, ) else ke, =
(‘Lh )\h./-i’el) and then x = (ih /\h.mgl[ﬂez) and in both cases, Jes such that e :

IR es and e, € SticksY n Sticks?.
e Case (SAPP,[2]), n=0: e=v € with ve Value® and ¢’ € Sticks?.
Then depth(e) = depth(e’) =0 and as e’ € Sticks® we can apply (IH) on €'

(we):k=e":(n.(¥()n) k)

, es (IH, e, € Sticks® n Sticks?)

e Case (SAPP,[2]),n>0: e=wv e with ve Value™ and e’ € Sticks).
This case is very similar to (SAPP,[1], n > 0.

e Case (SBOX,), n=0: e =box e with ¢’ € Sticks).
By Lem.29 depth(e’) > 1 and as depth(e’) < depth(e) + 1, depth(e’) = 1. By Lem.1 and
(TBOX) €' ~ (€, (', 1)) with £’ = (ep, Ah.[-]) or & = (en Ah.K"). As depth(e’) = 1 and
e/ € Sticks!, we will be able to apply (IH) on €.
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— Case ep, € Value®.

(box €'):k=r":(k (box ¢€'))
=ep : Ak (box €')
= (Mhk (box €')) ¥ (ep)

o [h S W (en)] (k (box ¢))
2k (box [k 5y (eh)]g')

Sk (box e.) (IH, €, € Sticksl n Sticks})
L, (es € Sticks® n Sticks?)

— Case ey, ¢ Value®. We will prove the case 1’ = (e, Ah.[-]). The case r' = (ej Ah.£")
is almost the same.

(box ¢'):k=r":(k (box ¢'))
=ep : Ak (box ¢)

2, (IH, e, € Sticks® n Sticks?)

e Case (SBOX,), n>0: e =box ¢ with ¢’ € Sticks"™ with €’ (e’and (k, (K2, K3))).
By Lem.29 depth(e’) > n+ 1 and as depth(e’) < depth(e) + 1, depth(e') = n+ 1. As
¢ € Sticks™L, by (IH) [l U(ep)]ka € Sticksl n Sticks.

— Case ej, € Value® and K} = 1.

(7> T(en)]e = [h o> T(en) Moz [k (box €])

= Me.[h > W(en)] (k2 [k (box €)]) (SABS)
~ AL ([h L \y(eh)]@) (b U(en)] [k (box ¢)] (Lem.22)
€ Sticksl n Sticks] (TH, Lem.28)

— Case ep, € Value® and K} # 1. Then [h > W (ep) kg € Sticksy n Sticks]).
— Case ey, ¢ Value® then by (IH) Je, such that ey, : k N es and e, € Sticksdn Sticks?.

e Case (SUNB,[1]), n=1: e =unbox ¢ with ¢’ € Sticks’.
As depth(e') = depth(e) —1 = 0 and ¢’ € Sticks?, we can apply (IH) on e'. e ~
(unbox h, ((e’ Ah.[-]),1)). By (IH) Je, such that e : k 2, e, and e, € Sticks)nSticks?.
As ey € Sticks? then e’ ¢ Value®.

e Case (SUNB,[1]), n>1: e=unbox € with ¢’ € Sticks"'.

4

By assumption depth(e) = n then depth(e’) =n -1 and we can apply (IH) on e’: e —
(¢/,(k,K")) and by (TUNB) e —» (unbox %/, (k, (K", e’ Ah'.[]))).
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— Case ep, € Value® and K" = 1.

[ W(en)] (& A [1) = ([0S W(en)]el) AT
€ Sticks!. n Sticks} (IH)

— Case ej, € Value® and K" # 1. Then by (IH) [h > U(ep)]xs € Stickst n Sticksl.
— Case ey, ¢ Value® then by (IH) Je, such that ey, : k R es and e, € Sticks?n Sticks?.

e Case (SUNB,[2]) : e =unbox (Az.c').
By assumption depth(e) =1 then depth(e’) = 0.
By Lem.1 and (TUNB), e ~» (unbox h, (1, (¢’ Ah.[-])))

[h S U(Ar.e")] (unbox h) = (unbox (Az.¢))
€ Sticksl n Sticks.

e Case (SRUN,[1]), n=0: e=run ¢ with e’ € Sticks’.
depth(e) = depth(e’) = 0 then we can apply (IH) on ¢'.
(run €¢'):k=¢": (Am.(run m) k)

e, (IH, e, € Sticks® n Sticks?)

e Case (SRUN,[1]), n>0: e=run €' with e’ € Sticks?.
depth(e) = depth(e’) =n. We can apply (IH) on ¢’. By (TRUN) ¢’ ~ (¢, (k,K"))

— Case ep, € Value® and K’ = 1.

[h S U(ep)run e’ = Mk. (¢! (Am. ((run m) k)))
€ Sticksl n Sticks] (IH, SABS)

— Case e, € Value® and K’ = ky, K5. In this case, (IH) applies directly.
— Case ey, ¢ Value®. Then (IH) applies.

e Case (SRUN,[2]) : e=run (box v) with v € Value! and FV,(v) # @.
(run (box v)):k=(run (box v)) k
€ Sticks® n Sticks® (Cor.1, SRUNJ2|, SAPP[1])
e Case (SRUNy[3]) : e=run (Az.e’).
depth(e) =0 > depth(e’) > 0.

(run (Az.¢')):k=(run (A\z.¢)) k
€ Sticks® n Sticks® (SRUN([3], SAPP[1])
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O
Proof of Th.2 and Th.3. Let e € Expr such that depth(e) = 0.
e Case eval,(e) is defined. eval,(e) = v for some v € Value’. Then e 0—*>V v.
e (Az.x) Le: (Az.x) (Lem.5)
Y (Az.z) (Lem.6)

R U(v)

2w (eval,(e€))

As reductions were available in both call-by-value and call-by-name operational semantics

eval, (e (Az.xz)) = eval, (e (Az.x)) = ¥ (eval,(e))
e Case eval,(e) is not defined.

0* .
— If e —>, €’ for some €’ € Sticks? then

e (\z.x) e (Az.xz) (Lem.5)

LI (A\z.z) (Lem.6)

SN es (Lem.7, e, € Sticks? n Sticks?)

— If there is an infinite series ey, es, ..., such that e = e; —O>V € —O>V 3 -2 ... then

by Lem.6 we have

e (Azr.x) 2 (Az.z) =e1: (\z.x) o, es: (Ax.x) o

with the same result.

O
4.3 Proof of Translation Theorem
Lemma 30 (=" Preservation wrt. Context Closure). Let k1, k2 € Context and e € Expr.
K1 =n Ko
r1[e] =" rale]
Proof. By induction over size of x; (length(k1) = length(kg)) (IH).
e Case k; = ((en, Ah.[-]) for i€ {1,2}. Then ey, =" ep,.
€h1 =" €h2
en, Mh.e="ep, Ah.e (EAPP([1])

kile] =" kale]
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o Case k; = (ep, Ah.k}) for i e {1,2}.

We have then two cases depending on the construction rule:

— If ep, =" ep, and k| = & then

6h1 =" eh2
en, Mh.ki[e] =" en, Mh.kh[e] (EAPP|1])

rk1le] =" ko[e]

— If ey, =ep, and &} =" &), then

Kile] =" r[e] (IH)

M.kl [e] =" Ah.rb[e] (EABS)

en, Mh.ki[e] =" en, Mh.k)[e] (EAPP|2|)
ki1[e] =" kale]

O

Lemma 31 (=" Preservation wrt. Context Closure). Let k € Context and ey, ez € Expr.

€1 =" €9

k[e1] =" klez]

Proof. By induction over size of x (IH).

e Case k= ((en, Ah.[-]).

e1 =" ey
)\h.@l =" )\h.62 (EABS)
en Ah.ep =" e Ah.eo (EAPP[2])

kler] =" klez]

e Case k = (e, Ah.K).

e1 =" eg
K'[e1] =" K'[ez2] (IH)
Mhk[er] =" bk [ea] (EABS)
en Ah.ep =" ey Ah.ey (EAPP[2])

rk[e1] =" k[ez]

Lemma 32 (=" Preservation wrt. ).

Ky >" K]
K~ Ky ZnK{NKQ
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Proof. By induction over size of K7 and cases of Context Stack Merge Operator (IH).
e Case K; = 1. Impossible.
e Case Ky =1. Then Ky x Ky = Ky >" K] = K| x K».
e Case K| = K{, k1 and Ks = K}, ko.

Then Ki = K{",k}. We have two cases:
— Case k1 = k]. Then K{ 2™ K{".

(Kilv’%l) o (Kéa ‘%Q) = (K],., X Ké) ) Kl[KQJ
= (Ky  K3) , K[ k2]
= (K{" w K3) , K [K2] (IH)
= (K{”’K‘II) s (KéaK‘Q)

— Case K{ = K{". Then k1 >" &}.

(K{,?K’l) e (KéN%Q) = (K{, X Ké) 7“1[’%2]
= (K{" w K3) , k1 [ k2]
= (K{" w K3) , K [K2]
= (K{"7/§'1) M (KQ’KQ)

O

Proof of Lem.8. By induction on the size of e and cases according to the definition of Equality
(IH).
We will show only interesting cases.
e Case (EREFy), K; = L.
Then e; = ez, 50 €1 = e and by (EREF) QZO es.
e Case (ETRA,), K = L.
Then e such that e; >0 ¢ and e >° 5. As e; >° e then by Lem.9 depth(e) = 0. So by
(IH) e; >° e and e >° e5 and we can apply (ETRA).
e Case (ETRA,), K; = k1, K7.

Then Je such that e; > e and e >7 e5. As depth(e;) = n by assumption, we can apply
(IH) on e; and e; >" e.

If depth(e) < n then by Lem.10 e = e and we are done. Otherwise depth(e) = n then we
can apply (IH) as well on e and e >" e. By (ETRA) e; >" es.

e Case (EAPP,)[1], K = 1 with e; = e, €3, €3 =€, e, and e, >0 e/

eq € = Meeg (Am.ey (An.(m n) k)) (TAPP)
% Ak.e;, (Am.ey (An.(m n) k)) (IH, EABS)
>0¢l e (TAPP)
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e Case (EAPP,)[1], K1 = k1, K] with e; = e, ey, e2 =€/, e, and e, >V !

If depth(e,) <n then by Lem.10 ey = e2 and we are done. Otherwise depth(ey) =n. We
will handle the case where depth(e;) = n. The case depth(ep) < n is straightforward. So
€q F (ei, Iia,K:l) and e, — (@, (fib7K1;))~ By Lem.26 k,[rp] = k1. We have four cases:

— Case kg = (eﬂ )\h[]) with ey, € Value®.
By (IH) [h % W(en)leq 2" e ¢f = (ch, () with K 2" K.

[h &> W(en)]ea ep = [h > Wlen)] Nk, (Am.ep (An.(mn) k)) (TAPP)
= k. ([ ™ (en)]ea) (Ameey, (An. (m n) k) (A1)
>" Ak.ey, (Am.ep (An.(m n) k)) (IH, EABS)
>" ey ep (TAPP)

And by (IH) K. >"' K so (K, x K]) >"' (K w K}) by Lem.32.
— Case kg = (67;1 /\h.mg) with ey, € Value®. Similar to previous case.
— Case Kk, = (@ Ah.[]) with ey, ¢ Value®.
By (IH) 3ej, such that ej, >° e, and e (efm ((i /\h.[']) ,K(’l’)) Then

eq ey = Ak.eq (Am.ey (An.(mn) k)) (TAPP)
= Mk.ey (Am.ep (An.(mn) k)) (TH)
=€, e (TAPP)

And as k1 = Kq[Kp] then

K = ((eh A1), K2) w (0, K)
(i )\h.mb) (K %K)

= (ei )\h.mb) K

— Case kq = (ep, Ah.kl,) with ey, ¢ Value®. Similar to previous case.
e Case (EAPP,)[2], K1 = 1 with e; = e, €5, €2 =€, €, and e, >0 e].

eq € = Me.eg (Am.ey, (An.(m n) k)) (TBOX)
20 Meeq (Ameey (. (mn) k) (IH, EABS, EAPP[2], EABS)

>0 e, e
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e Case (EAPP,)[3], K; = L with e; = (Az.€) v, ea = [z S v]e and v € Value®.

(Az.e) v=AkAz.e (Am.v (An.(mn) k)) (TAPP)
= Ak. (Mk.k Az.e) (Mmoo (An.(mn) k)) (TABS)
>0 Mk ((Amw (An. (mn) k)) Az.e) (EAPP[3], EABS)
>0 Mk (v (Mn. ((Mz.€) n) k)) (EAPP[3], EABS, ETRA)
20 Mk (Akk ®(v)) (An. ((Az.e) n) k)) (Lem.2)
>0 Mk (An. (Az.e) n) k) ¥(v)) (EAPP[3], EABS, ETRA)
>0 Nk (((Az.e) (v)) k) (EAPP|3], EABS, ETRA)
>0 \k. (([m A ‘l’(v)]g) k) (EAPP[3], EABS, ETRA)
>0 [2+> U(v)]e (Lem.11, EABS, ETRA)
>0 [z v]e (Lem.3, ETRA)

e Case (EALP,) with e; = Az.e and ey = A\y.[z S yle.
Then n = depth(ey) = depth(es) = depth(e) = 0.

Ae = Mok (Az.e) (TABS)
>0 Ak k ()\y.[x S \I/(y)]g) (EALP, EABS)
>0 \k.k (Ay.M) (Lem.3)
>0 My [z > yle (TABS)

e Case (EABS,), K = 1 with e = Av.e], es = Az.e} and ¢ >0 €).

Az.el = Mk (Aa.ef) (TABS)
>0 \e.k (Az.€) EABS, EAPP[2]|, EABS
€2
>0 \z.¢l,

e Case (EBOXy), K3 = L with e; = box e} for i € {1,2}.
Then n = 0. By (EBOX,), e} >! e5. If depth(e;) = 0 then by Lem.10 e} = e} and we are
done. As depth(e}) < depth(e1) +1 =1, we can apply (IH) on e]. €] (i, (K1, L))

— Case k] = (‘Lh )\h.[-]) with e, € Value®.
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By (IH) [h > W(en)]ef ! ¢ and e = (e}, 1)

e1=Mken (Muk (box ¢f))

= Me. Mok (en)) ()\h.k (box ﬁ)) (Lem.2)
20 M. ((Anke (box €)) W(en)) (EAPP[3], EABS)
>0 Ak k (box [h b w(en)]e, ) (EAPP[3], EABS)
>0 Mk (box ¢) (IH, EBOX, EAPP[2], EABS)

— Case k] = (ep Mh.kY) with ey € Value®.

By (IH) [h & W(en)] (57, 1) >° K} with ¢} (et (K3)). Then Kj = k%, 1 and

kY > K
ex=Meen (Mhsl [ (box i)]) (TBOX)
= M. (Mek W(en)) (Mot [k (box ﬁ)]) (Lem.2)
20 M. (Msl [k (box €1)]) w(en)) (EAPP[3], EABS)
>0 k. ([h = W(en)]k ) [ (box [h— \Il(eh)]el)] (EAPP|[3], EABS)
>0 Akl [k (box @)] (IH, EBOX, EAPP[2|, EABS)
>0 ey (TBOX)

— Case £} = (en, Ah.[]) with e, ¢ Value®.
By (IH) 3ej, such that ej, >° e, and ej (ﬁ, ((i )\h[]) ,L))
e1=Mken (Muk (box ef))
>0 Mi.ej, (Mhk (box ef)) (I, EAPP[1], EABS)

— Case k] = (‘ih )\h.n'l') with ey, ¢ Value®.
By (IH) 3¢), such that e, ° e}, and €5~ (ef, (e}, \hr?), 1))
e1 = Ak.ep ()\h.ﬁ’{ [k (box é)])
>0 Me.ej, (Anrf [k (box ef)]) (IH, EAPPI[1], EABS)

e Case (EBOX,), K; = k1, K] with ¢; = box e for i € {1,2} and ¢} >"*! ).
If depth(e}) < n+ 1 then by Lem.10 €] = ¢} and we are done. Otherwise we can apply
(IH) on €. By (TBOX)[1] €] — (ﬂ, (m,K{,/@'l)). We have four cases.
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— Case 1 = (e, Ab.[}]) with e; € Value®.
By (TH) [h "' W (ep)]ef > ¢} and e} - (et (Ko, ) with (K1, k1) 2" (K, k).

[ W(en)les = [ T(en)] Alml[ (boxel)]

= M. ( hS U (en)] n’l)[ (box (' \Il(eh)]el)] (A1)
>n Ak.@[ (box 3;)] (IH, EBOX, EAPP[2|, EABS, Lem.31)
>™ ey (TBOX)

And by (IH) either K] = Ky or K] >"! K, and so in both cases K| >"! Ky. As
well, at most one inequality isn’t an equality.

— Case Ky = (@ )\h.n'{) with e, € Value®.
As in previous case [h > U(ep)ler 2™ ea. By (IH) (kY,K7,k7) 2" (K2,kK5) so
KK 3 K.

— Case k1 = (en )\h.[~]) with ey, ¢ Value®.
By (IH) 3ej, such that ej, >° e, and €5 — (ﬂ, ((i /\h.[-]) ,K{,H’l))
By (TBOX)[1] box ¢} ~ (box el (e, M.[]), K7))-

— Case k1 = (e, Ah.kY) with ey, ¢ Value®. Similar to previous case.

e Case (EUNB,)[1] with e; = unbox ¢} for i € {1,2}.
depth(e’) = depth(e1) — 1 so we can apply (IH) on e].

— Case €} — ( ) By (IH) e 7,1

:<f )

By (TUNB) ¢; (unbox h,(
e to be done.

So e; = ey and we can take
— Case e} ~ (el (s1, K7)) and e v (e, K2).

By (TUNB) €1 ~ (unbox 1, (k1, K7, (e1 AR'.[])))

and e; > (unbox 1, (K4, (e5 Ab".[])))-

1
/
h

x Case k1 = (e, Ah.[-]) with e, € Value®.

[h ¥ U(ep)] (unbox k') = unbox A’ (A1)
>" unbox h' (EREF)

And it is an equality.
[ w(en) K] = [h5" w(en)] (KT, (e’lAh’.[-]))
- (105 wen KT ) (105 wen)lel A1)
(K5, (eh AR[])) (TH)
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x Case k1 = (ﬁt )\h.lilll) with e, € Value®.
Like in previous case we have [k &> U(ep,)] (unbox h') >" unbox h'.
n-1 " 4 n-1 " " ! 1
[ W(en)] (57, K1) = [B 5 W(en)] (51, KT (1M0.[]))
n-2 7 ’ n-1 1
- (10 wen (. KD)) (105 wenes )

> (K, (e5 A[])) (TH)

x Case k1 = (e, M.[]) with e, ¢ Value®.
We have trivially e; = unbox h' = e;. Using (IH), Jej, such that e), >° e}, and

KY = (i )\h.[~])7 so as Ko = K, (67,2 )\h'.[-]) we are done.
x Case k1 = (e, M.rY) with ey, ¢ Value®. Similar to previous case.
e Case (EUNB,)[2] with e; = unbox (box v) and e3 = v € Value®.
Then n = 1. By (TUNB) e; ~ (unbox h, (1, (box v Ah.[-]))).

[h o (box v)] (unbox h) = unbox (box v)
>ty (EUNBJ2])

K{=1,Ky=1and [h S (box v)]L > I and it is an equality.

e Case (ERUN,)[1], K = 1 with e; =run €}, e =run €} and e} >° ).

run e] = \k. (é (Am. ((run m) k))) (TRUN)
>0 Mk (e (Am. ((run m) k))) (EABS)
>% run € (TRUN)

e Case (ERUN,)[2] with e; = run (box v), es = v and v € Value®.

run (box v) = Ak.(box v (Am.((run m) k))) (TRUN)
= M. (Me.k (box v)) (Am. ((run m) k))) (TBOX)

>0 k. ((Am. ((run m) k)) (box v)) (EAPP|[3], EABS)

>0 k. ((run (box v)) k) (EAPP|3|, EABS, ETRA)

>0 \k. (v k) (Lem.4, ERUN, EABS, ETRA)

>Y (Lem.11, ETRA)

O

Proof of Th.4.

o If e; =0 5 then by Th.1 Jez € Expr such that e; >0 e3 and ep 2V e3. As depth(ey) = 0

v
then by Lem.8 e; > e3, €3 >° e3 and then e; =* e3.
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e Conversely, as our transformation is an extension of Plotkin’s one which behaves the
same on unstaged expressions, the same example holds: for e; = ((Az.z ) (Az.z x)) y
and e2 = (A\z.z y) ((Az.z z) (Az.z z)), then e; =¥ e3 but €1 7 es.

O
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