Jump compactness avoidance

Jump compactness avoidance combines the complexity of two orthogonal
problematics, namely, second-jump control and compactness avoidance. As
one shall expect, from a purely abstract viewpoint, it can be reduced to the
design of a forcing question for Zg formulas with the appropriate merging
properties. However, in real world applications, such as variants of Mathias
forcing in reverse mathematics, both techniques do not necessarily combine
well, adding an extra layer of complexity.

10.1 Context and motivation

Jump PA avoidance plays a particularly important role in reverse mathematics,
due to its connections with the cohesiveness principle. Recall from Section 3.4
that an infinite set C C N is cohesive for a sequence of sets R= Ry, Rq, ... if
foreveryn e N,C C* R, orC C* En, where C* means “included up to finite
changes”. The cohesiveness principle is the problem COH whose instances
are infinite sequences of sets, and whose solutions are infinite cohesive sets.

As mentioned in Chapter 9, COH should be considered as a statement about
jump computation, as it is computably equivalent! to the statement “For every
A3 infinite binary tree T C 2=, there is a AS-approximation of an infinite path.”
There exists a uniformly computable sequence of sets? such that the degrees
of its cohesive sets are exactly those whose jump is PA over (’. Such an
instance is maximal, in the sense that every solution to this instance compute
a solution to every other computable instance. Moreover, for every set P of PA
degree over ()’, there exists an w-model /il of COH such that for every X € JL,
X’ <r P. Therefore, separating a problem from COH over w-models can be
reduced without loss of generality to jump PA avoidance.

Definition 10.1.1. A problem P admits jump PA avoidance® if for every pair
of sets Z and D <t Z such that Z’ is not of PA degree over D’, every
Z-computable instance X of P admits a solution Y such that (Y & Z)’ is not
of PA degree over D’ * o

The cohesiveness principle can be considered as a sequential version of the
pigeonhole principle. An instance is a countable sequences of instances of RT;,
that is, a countable sequence of sets Ry, Ry, ..., and a solution is a single
set which is, up to finite changes, a solution to every R,,. One can define a
similar statement capturing the degrees whose jump are DNC over @/, in terms
of the thin set theorem. The thin set theorem for n-tuples (TS") is a statement
introduced by Friedman, whose instances are colorings f : [N]” — N, and
whose solutions are infinite sets H € N such that f[H]" # N. Such sets are
called f-thin.

Exercise 10.1.2 (Patey [88]). Given a uniformly computable sequence § =
<0, 41, - - - of functions of type N — N, an infinite set C C N is thin g-cohesive
if for every n € N, there is some k € N such that C \ [0, k] is g,,-thin.
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1: This equivalence also holds over RCAq +
BXY, but not RCA alone. Indeed, RCAg +
COH is H%—conservative over RCAq (Ex-
ercise 7.3.14), while by Fiori-Carones et
al. [62, Proposition 4.4], the other statement
implies Bzg over RCAg.

2: Actually, it suffices to consider the se-
quence of all primitive recursive sets.

3: As usual, the unrelativized formulation
with Z = D = ( is far more natural, but
does not behave well with artificial prob-
lems.

4: One can also define the notion of strong
jump PA avoidance, by considering arbitrary
instances of P instead of Z-computable
ones.
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5: This uses the characterization of DNC

degrees in terms of effectively immune func-

tions. See Section 6.2 for more details. Miller

actually proved a reversal: for every com-

putable k-bounded coloring f : [N]?> — N,
every DNC function over (" computes an
infinite f-rainbow.

1. Let f = fo, f1, ... be the sequence of all primitive recursive functions
of type N — N. Show that for every infinite thin f—cohesive setC, C’is
of DNC degree over ()'.

2. Let § = g0, &1, .- . be auniformly computable sequence of functions
of type N — N and D be a set whose jump is of DNC degree over (’.
Show that D computes an infinite thin g-cohesive set. *

The degrees whose jump are DNC over ()’ received less attention than their
PA counterpart, but can be used to prove separations over another well-known
statement: the rainbow Ramsey theorem for pairs. A coloring f : [N]" — N
is k-bounded if for every ¢ € N, f71(c) has size at most k. A set H C N is
an f-rainbow if f is injective on [H]", that is, each color is used at most once.
The rainbow Ramsey theorem for n-tuples and k-bounded colorings (RRTZ)
is the problem whose instances are k-bounded colorings f : [N]" — N, and
whose solutions are infinite f-rainbows.

Exercise 10.1.3 (Miller). Construct a computable 2-bounded coloring f :
[N]2 — N such that for every 0’-c.e. set WY, if card W > 2¢ +2, then W’
is not extendible into an infinite f-rainbow. Deduce that every infinite f-rainbow
is of DNC degree over (0’.° *

It follows that if a problem P admits jump DNC avoidance in the following sense,
then there is an w-model of RCAg + P which is not a model of RRT%.

Definition 10.1.4. A problem P admits jump DNC avoidance if for every pair
of sets Z and D <t Z such that Z’ is not of DNC degree over D’, every
Z-computable instance X of P admits a solution Y such that (Y & Z)’ is not
of DNC degree over D’. o

10.2 Jump PA avoidance

As explained, the pure theory of jump compactness avoidance is a simple
adaptation of the techniques of compactness avoidance to Zg formulas. In this
section, we give two examples with Cohen genericity and tree forcing for the
sake of concreteness, and then state the general abstract theorem, leaving its
proof as an exercise.

Theorem 10.2.1
For every sufficiently Cohen generic set G, G’ is not of PA degree over 0.

PRrRoOF. Consider Cohen forcing, that is, the set 2<N of binary strings, partially
ordered by the prefix relation. We defined in Section 9.3 a forcing question for
X formulas.

Definition 10.2.2. Let ¢ be a Cohen condition, and ¢ (G) = Ax(G, x) be
a Zg formula. Define o ?+ @(G) to hold if there exists some x € N and some
T > o such that 7 strongly forces ¢(G, x), that is, for every p > , Y(p, x)
holds. o

This forcing question satisfies a strong version of its specifications, that is, if
0 ?F @(G) does not hold, then ¢ itself already forces —¢(G). It follows that,
given two Zg-formulas ©o(G) and ¢1(G), if none of o ?F @;(G) holds, then ¢
forces =@o(G) A —~¢1(G). This property is exploited in the following lemma:



Lemma 10.2.3. For every condition o € 2<N and every Turing index e € N,
there is an extension 7 > ¢ forcing @S not to be a {0, 1}-valued DNC function
over 0".8 *

Proor. Consider the following set:
U={(x,v)eNx2:07% CDEG/(x)lz v}

Since the forcing question is Zg-preserving, the set U is Zg. There are three
cases:

» Case1: (x, DY (x)) € U for some x € N such that &Y (x)|. By Property
(1) of the forcing question, there is an extension 7 > ¢ forcing @S (x)|=
@Y (x).

» Case 2: there is some x € N such that (x,0),(x,1) ¢ U. Then ¢
already forces =(®S'(x)]= 0), =(PS'(x)|= 1), so o forces DS not to
be a {0, 1}-valued DNC function over §’.

» Case 3: None of Case 1 and Case 2 holds. Then U is a Zg graph of a
{0, 1}-valued DNC function over ()". This contradicts the fact that 0 is
not PA over ()’. ]

We are now ready to prove Theorem 10.2.1. Given e € N, let &, be the set
of all conditions ¢ € 2<N forcing ¢ not to be a {0, 1}-valued DNC function
over (’. It follows from Lemma 10.2.3 that every 9, is dense, hence every
sufficiently generic filter % is {2, : e € N}-generic, so GZ; is not of PA degree
over (). This completes the proof of Theorem 10.2.1. [ ]

If a problem P admits a low basis, then it admits jump PA avoidance. Thus, by
the low basis theorem for H(l’ classes (Theorem 4.4.6), there exists a PA degree
which is low, hence whose jump is not PA over ()'. More generally, as explained
in Section 9.2, it is preferable to use an effective first-jump construction rather
than a second-jump one when available, as the former usually involves a
simpler machinery.

Although WKL admits a low basis, it is sometimes necessary to use a forcing
construction with a second-jump control, when trying for example to preserve
a first-jump and second-jump property simultaneously, as it was the case for
Theorem 9.4.1. We now prove that WKL can simultaneously avoid a cone, and
have a jump of non-PA degree over ()'.

Theorem 10.2.4

Let C be a non-computable set. For every non-empty 1'[(1) class P C 2V,
there exists a member G € &P such that C £1 G and G’ is not of PA degree
over ().

Proor. The proof is an adaptation of Theorem 9.4.1, using the same notion of
forcing and the same forcing question. More precisely, we use a restriction of
the Jockusch-Soare forcing to infinite primitive recursive binary trees, partially
ordered by the inclusion relation. By Lemma 9.4.2, every H(l’ class in 2N can
be represented as the class of paths of a primitive recursive binary tree.

The forcing question for Z?-formulas is the same as in Exercise 3.3.7 and
Theorem 9.4.1. We recall it for the sake of completeness.
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6: Recall that a degree is PA iff it computes
a {0, 1}-valued DNC function. This equiva-
lence also holds relative to any oracle.
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Definition 10.2.5. Given a condition T € 2<N and a X formula ¢(G),
define T ?F ¢(G) to hold if there is some level ¢ € N such that ¢ (o) holds
for every node ¢ at level £in T. o

This forcing question is Zg—preserving and admits strong properties: if T ?+ ¢(G),
then ¢ already forces @(G). On the other hand, if T ?¥ ¢(G), then one must
restrict T to an infinite primitive recursive sub-tree S in order to force =@(G)
(see Lemma 9.4.4). By Theorem 3.3.4 for every sufficiently generic filter &,
C £r1 Gg.

Definition 10.2.6. Given a condition T C 2<N and a £ formula ¢(G) =
IxP(G, x), define T ?F ¢(G) to hold if there is some x € N and an exten-
sion S < T such that S ?+ (G, x). &

The forcing question for Zg-formulas is Zg-preserving, and also satisfies strong
properties, but on Hg-formulas rather than Zg-formulas. By Lemma 9.4.6, if
T 2 ¢(G), then T already forces =¢(G). This property, similar to the case of
Cohen forcing, is exploited to prove the following lemma:

Lemma 10.2.7. For every condition T and every Turing index e € N, there
is an extension S C T forcing ®S" not to be a {0, 1}-valued DNC function
over (', *

Proor. Consider the following set:
U ={(x,0) e Nx2:T2®% (x)|= 0}

Since the forcing question is Zg-preserving, the set U is Zg. There are three
cases:

» Case: (x,(DQ/(x)) € U for some x € N such that CD?Q/(x)l. By Property
(1) of the forcing question, there is an extension S C T forcing @S (x)|=
oY (x).

» Case 2: there is some x € N such that (x,0),(x,1) ¢ U. Then T
already forces —(®S' (x)|= 0) A =(®F (x)|= 1), so T forces DS not
to be a {0, 1}-valued DNC function over @’.

» Case 3: None of Case 1 and Case 2 holds. Then U is a Zg graph of a
{0, 1}-valued DNC function over ()’. This contradicts the fact that 0’ is
not PA over (’. L]

Putting all the pieces together, for every sufficiently generic filter #, C £1 G&
by Theorem 3.3.4, and G¢ is not of PA degree over ()" by Lemma 10.2.7. This
completes the proof of Theorem 10.2.4. [

Recall from Section 5.1 that given a notion of forcing (P, <) and a family of
formulas T', a forcing question is I'-merging if for every p € P and every pair of
I-formulas @o(G), 1(G), if p ?F ¢o(G) and p ?+ ¢1(G) both hold, then there
is an extension g < p forcing @o(G) A @1(G).

Exercise 10.2.8. Let ([P, <) be a notion of forcing with a Zg-preserving Hg-
merging forcing question. Adapt the proof of Theorem 5.1.9 to show that for
every sufficiently generic filter %, GZ, is not of PA degree over ()’. *
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10.3 Mathias forcing and COH

Solutions to Ramsey-type theorems are usually built using variants of Mathias
forcing. As seen in Proposition 9.5.1, Mathias-like notions of forcing tend to
produce sets of high degree when the reservoirs are only under computability-
theoretic restrictions. Indeed, by considering sufficiently sparse reservoirs, one
can ensure that the principal function” generic set G eventually dominates
every total computable function. By Martin’s domination theorem, these sets
are of high degree.

We therefore developed in Section 9.6 a framework of partition regularity,
yielding variants of Mathias forcing enjoying many of the combinatorial fea-
tures of Mathias forcing, but with a good second-jump control.8 Recall that a
class @ C 2V is partition regular if it is non-empty, it is closed under superset,
and for every X € & and every 2-cover Yo UY; 2 X, there is some i < 2
such that Y; € 9. The idea is to work with Mathias conditions (¢, X) such
that X € P, where P is a partition regular class containing only “non-sparse”

infinite sets.

Restricting the reservoirs to a well-chosen partition regular class enabled to
prevent the reservoirs from being too sparse, while still allowing the basic
operations on reservoirs, such as finite truncation, or finite partitioning. Un-
fortunately, although this restriction is sufficient to obtain strong jump cone
avoidance, there is no hope of obtaining jump PA avoidance using a notion of
forcing which allows finite partitioning of the reservoir.

Proposition 10.3.1. Fix a partition regular class % C 2N. Let [P be the restric-
tion of computable Mathias forcing where reservoirs belong to %. For every
sufficiently generic filter %, GZ; is of PA degree over ()'. *

ProoF. Fix a uniformly computable sequence of sets Ry, Rq, ... such that
for every infinite R-cohesive set C, C’ is of PA degree over (’. We claim
that for every sufficiently generic filter &, Gg is R-cohesive. Indeed, given a
condition (o, X) and some #, either XN R,,, or X ﬂﬁn belongs to P, so either
(6, XNR,)or (o, XNR,)is avalid extension. Any sufficiently generic filter F
containing the former (latter) extension satisfies Gg C* R,, (Gg C* En). [

The previous proposition can be considered as a sanity check, but does not
help designing an appropriate notion of forcing. In order to better understand
the problem, let us consider the forcing question for Zg-formulas for the most
basic variant of Mathias forcing with a good second-jump control. For this, we
need to reintroduce some pieces of notation from Section 9.6.

Letting W7, W7, ... be the list of all Z-c.e. sets of strings, this induce a
list UF, UZ, ... of all L)(Z) classes of sets, upward-closed by inclusion, as
follows: UZ = {X : (3p € WZ)p C X}. Fix a countable Scott ideal 4l =
{Zy,Z1,...},coded by aset M = @, Z,,. Any set X € Jl is represented
by an integer 2 € N such that X = Z,. We then say that a is an M-code
of X. One will consider exclusively partition regular classes of the form %é”‘ =

M(e,i)eC CZLEZ", for some set of indices C € N2.

Thinking of a partition regular class as a “reservoir of reservoirs”, the smaller
the partition regular class is, the more positive information it imposes on the
reservoirs. The idea is therefore to fix a maximal set of indices C € N? such
that Cué” is partition regular. Such a class is then called J(-minimal. Consider

7: Recall that the principal function of an
infinite set X = {xp < x1 < ...} isthe
function px : N — N defined by 1 +— x;,.

8: The reader must be familiar with Sec-
tion 9.6 to understand the remainder of this
section.
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9: Recall that a class of C 2V is Jarge if it
is upward-closed, and for every k € N and
every k-cover Yo U --- U Y1 = N, there

is some i < k such that Y; € s1. By Propo-

sition 9.6.10, an upward-closed class o is

large iff it contains a partition regular sub-

class. An arbitrary union of partition regular
classes being partition regular, f contains a
maximal partition regular subclass, written
Z(d).

10: Le Houérou, Levy Patey and Mi-

mouni [83, Lemma 4.15] gave a direct proof
of the necessity of PA degrees over M’, but
there is a less direct argument: if there were
an Jl-cohesive class cué”‘ with C & M’ of
non-PA degree over ()’, then one would be
able to construct an infinite cohesive set
whose jump is not of PA degree over @,
yielding a contradiction.

11: Recall that
Px ={Z : Z n X is infinite }

If one only asked X to belong to %%, then
by considering a partition regular subclass

Cu{)” c “ué”’, X might no belong to %{g’l,

so (0, X, D) would not be a valid extension.

Requiring that “ué” is a partition regular sub-
class of £Lx is a way to strongly ensure that
X will belong to all partition regular sub-
classes of %é”

12: This forcing question coincides with Def-
inition 10.3.2 in the case UM is .il-cohesive
by Lemma 9.6.23. However, in the more gen-
eral case of an arbitrary partition regular
class, one must use the latter formulation.

the notion of forcing whose conditions are pairs (o, X), where X € %é” and
X € Jit, and whose extension is usual Mathias extension. The forcing question
for Zg-formulas is defined as follows:

Definition 10.3.2. Given a condition (o, X) and a Zg formula @(G) =
FxP(G, x), define (o, X) 2+ @(G) to hold if there is some finite p € X
and some x € N such that the following class is not large®

UL N{Z:IncZ-yYP(cUpuUn,x)}

This forcing question is Z?(M’EB C)and Hg-merging, which is almost sufficient
to apply Exercise 10.2.8. However, even in the case where the Scott set Il
is coded by a set of low degree, the natural algorithm to build an /(-minimal
class Cué” produces a Ag set of indices C (see Proposition 9.6.19), yielding a
Zg forcing question for Zg-formulas. In the case of jump cone avoidance, we
circumvented this problem by considering a weaker notion of minimality, called
JAl-cohesiveness. By Proposition 9.6.25, PA degrees over M’ are sufficient
(and necessary'®) to compute a set C € N? such that Cué” is Jl-cohesive,
which is sufficient to obtain a diagonalization lemma by the cone avoidance
basis theorem.

In the case of jump PA avoidance, however, having a Hg-merging forcing
question for Zg-formulas which is Z(l) relative to a PA degree over ()’ is not
sufficient to apply Exercise 10.2.8. One must therefore give up the notions of
J-minimality and Jl-cohesiveness, and work with evolving partition regular
classes. Consider therefore a new notion of forcing, whose conditions are of
the form (o, X, C), where

1. (0, X) is a Mathias condition;
2. UM is a partition regular subclass of £x;'"
3. X € Ml and M’ & C is not of PA degree over ()'.

A condition (7, Y, D) extends (c, X, C) if (7, Y) Mathias extends (g, X) and
D 2 C. The latter constraint ensures that cug,” c %é” so the partition regular
class becomes more and more restrictive during the construction. The new
forcing question for Zg-formulas can be defined as follows:

Definition 10.3.3. Given a condition (o, X,C) and a Zg formula ¢(G) =
Ixy(G, x), define (o, X, C) 2+ ¢(G) to hold if the following class is not
large'2

Ul n m {Z:IncZ-¢(cUpuUn,x)}
xeN,pCcX

This new forcing question is again Z?(M’EB C), but letting M be of low degree,
one can ensure that M’ @ C =t (), hence that the forcing question is Zg-
preserving. This improved complexity is at one cost: the new forcing question
is not Hg—merging. Indeed, suppose (0, X, C) ?% ¢(G), then letting D 2 C
be a set of indices such that

Ul =uln () {Z:IncZ-yupunx)}

xeN,pcX

the condition (¢, X, D) is an extension of (g, X, C) forcing —¢(G). However,
suppose that o(G) = Jxyo(G, x) and ¢1(G) = Ixy1(G, x) be two XI-
formulas, if (0, X, C) 2% @;(G) for both i < 2, then letting D; 2 C be the



corresponding set of indices for each i < 2, it might be that %1/3“0 and Cl%”l

are both partition regular, but %{)’/‘OuD] = %Ll”)/% N %l/’)’ﬁ is not, and therefore one

cannot choose (0, X, Dy U Dy) as the desired extension. Again, by Proposi-
tion 10.3.1, this notion of forcing cannot admit a forcing question with the right
properties, as it produces cohesive sets. One must therefore modify the notion
of forcing.

The solution consists of keeping both partition regular classes %6”0 and Cug‘l
even if they are incompatible, and commit to preserve the positive information
from both classes. Concretely, U = %5”0 X CIL,/D”L1 is a class over 2V x 2N
which is partition regular in the following sense: for every (Xp, X1) € Cué“, for
every ZoU Z; 2 Xp and Rg U Ry 2 Xj, there is some 7,j < 2 such that
(Zi,Rj) € P. We shall therefore obtain a generalized condition'® of the form
(0,Xo, X1, D), where X, X; are two reservoirs and %g/‘ is a partition regular
class over 2V x 2N which is a sub-class of

Lxox, = {(Zo, Z1) : Xo N Zy and X1 N Z; are both infinite}

Because the forcing question will be used multiple times, the dimension of the
product space will increase over conditions extensions. Moreover, we shall
manipulate partition regular classes over product spaces which cannot be
expressed as the cartesian product of partition regular classes over 2V. We
therefore need to develop the framework of product partition regularity.

10.4 Product largeness

The theory of product partition regularity is a fairly straightforward generalization
of standard partition regularity and will therefore not receive as a detailed
development as in Section 9.6. In particular, many proofs will be left as exercise.
In what follows, fix a finite set I, which will serve as the index set'* of the product
space. We shall therefore work with sub-classes of I — 2N 15 Elements of the
set I will be denoted v or 1, which for now can be thought of as integers, but
later will be better represented as strings.

One could define partition regularity for product classes, yielding a well-behaving
generalization of partition regularity over N, However, in the next sections, all
the necessary combinatorics can be formulated in terms of largeness rather
than partition regularity. We shall therefore solely introduce largeness for prod-
uct classes, to reduce the number of concepts.

Definition 10.4.1. Aclass sl C I — 2N is Jarge'® if

1. Forall(X,:vel)edand, 2 X,,then(Y, :vel)ed"
2. For every k € N and every k-cover Yo U --- U Y1 = N, there is
some j : I — k such that(Yj,): v € I) € d. o

The following fundamental lemma generalizes Exercise 9.6.13 and plays an
important role in the effective theory of large classes:

Lemma 10.4.2 (Monin and Patey [78]). Suppose sy 2 o1 2 ... is a de-

creasing sequence of large classes. Then (N o is large. *

Proor. If (X, : v e I) € NsAs and Y, 2 X, for every v € I, then for
every s, since ds is large, (Y, : v € Y) € dg,s0(Y;, : v € Y) € N, As. Let
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13: Generalizing Mathias conditions to mul-
tiple reservoirs is a way to get rid of
the issue of Proposition 10.3.1. Indeed, if
(0, Xo, X1, D) is a condition, and R is a set,
then maybe neither (0, Xo N R, X1 NR, D)
nor (o, Xp N R, X1 NR, D) will be a valid
extension, so this notion of forcing does not
produce in general cohesive sets.

14: From now on, we shall use index set
to denote the set of indices in the product
space. This should not be confused with
the set C € N2 of indices representing the
class Cué”

15: The reason we do not use I =
{0,...,n — 1} and work with products of
the form 2N x - - - x 2N will become apparent
in the next section, where we will use a hier-
archy of index sets forming a tree structure.

16: When [ is a singleton, this corresponds
to standard largeness over 2N,

17: We use the notation (X, : v € I) to
represent an element of [ — 2N, Any such
element can be coded by an element of 2N,
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18: The notation X =* Y means that X and
Y are equal up to finite changes.

YoU---UY; = N forsome k € N. For every s € N, by largeness of i, there
is some j : I — k such that (Yj,) : v € I) € d,. By the infinite pigeonhole
principle, there is some j : [ — k such that (Yj(,) : v € I) € d; for infinitely
many s. Since dlp 2 o1 2 ... is a decreasing sequence, (Yj,) : v € I) €
Mg As. |

Recall that for every infinite set X € 2V, the class £x = {Y : XNY is infinite }
is partition regular. We generalize the definition to product classes.

Definition 10.4.3. Given (X, : v € I), let

Lix,veny = {(Yy:vel): Vv el,Y,NnX, isinfinite}

The following easy exercise simply states that the definition is invariant under
finite modifications of the sets.

Exercise 10.4.4 (Monin and Patey [78]). Let (X, : v € I) and (Y, : v € I)
be such that X, =* Y,'8 for every v € I. Then Lix, very = Loy, ver)- *

In general, £x N Ly 2 Lxny for infinite sets X, Y. For instance, if X and Y
are the sets of all odd and even numbers, respectively, then N € £x N Ly
but Lxny = 0. On the other hand, if £x N Ly is large, then so is Lxny. The
following lemma generalizes this property.

Lemma 10.4.5 (Monin and Patey [78]). Let f C I — 2N be a large class
and (X, : v € I), (Y, : v € I) be two tuples. If d N Lix very N Loy, ey is
large, then so is d N Lix, Ay, very- *

Proor. First, note that 4 N £(x, ny,ver) is upward-closed for inclusion. Let
Zo U ---U Zr_1 = N. By refining the covering, we can assume that for
every t < kand v € I, Z; is both X, and Y;-homogeneous. Since sf N
Lix,wery N Ly, very s large, there is some j @ [ — k such that (Z;(,) :
v € 1) € dNZLx,wery N Ly, wvery- We claim that Z;,) € X, NY, for
every v € I. Indeed, since (Zj,) : v € I) € Lx,.er), then Zj,) N X, is
infinite, so by X,-homogeneity of Z;.,), Zj,) € Xy. Similarly, Zj,y € Y.
Thus <Z](v) vel)edn 3<XVQYVZVEI>' |

Recall from Section 9.6 that every large class i € 2N admits a maximal
partition regular sub-class < (sf), which admits a formulation purely in terms
of largeness thanks to Exercise 9.6.12. We give a similar definition for product
classes.

Proposition 10.4.6 (Monin and Patey [78]). Let A C [ — 2N be a non-
trivial large class. The class

L) ={(X,:vel)ed: dNZLx, yeris large }
is a large sub-class of of. *

Proor. First, £(of) is by definition a sub-class of . Moreover, it is upward-
closed for inclusion. Suppose for the contradiction that £ (sf) is not large.
Then there is some k € N and some k-cover Xo U --- U X;_1 = N such
that for every j : [ — k, (Xj) : v € I) & £(d). Unfolding the definition,



foreveryj: I — k,dnN $<X}.(V):V€I> is not large. Thus for every j : I — k,
there is some k; € N and some k;-cover Yo U - -+ U Y;-1 = N such that
forevery i : I — kj, (Yjo):vel)gd LetZyU...Zp1 = N be the
common refinement of all these covers. Then, forevery r : [ — ¢, (Zr(v) :
vely¢dn g<2y(u>:vel>- However, since o is large, there is some r : [ — ¢
such that (Z,(,) : v € I) € 9, and since d is non-trivial, Z,(,) is infinite for
every v € I, 80(Z,() 1 v € I) € Lz, very. It follows that (Z,,) : v € ) €
dan S£<Z,(V):VE[>. Contradiction. [

Exercise 10.4.7.

1. Define the notion of partition regularity of sub-classes of [ — 2N,
2. Show thatif 1 € I — 2N is large, then & (o) is the maximal partition
regular subclass of 4. *

10.4.1 Effective classes

Let WOZ'I, le’l, ... be alist of all Z-c.e. subsets of I — 2<N_ As above, this
induces a list %OZ’I,CIle'I, ... of all £(Z) sub-classes of I — 2V, upward-
closed by inclusion. Fix a countable Scott ideal 4l = {Zg, Z1, ...} coded by
aset M =@, Z,.. Given a set C € N2, we write %é”’l for Me,iec %EZ"’I.

Lemma 10.4.8. Let C C N?be a set. The statement “LLé”” is large” is H?(C@
M) uniformly in C, M and I. *

PRrooF. Let us first show that the statement ‘?LEZI is large” is Hg(Z) uniformly
in e, Z and I. Indeed, by compactness, %eZ’I is large iff for every k € N, there
is some £ € N such that for every k-cover YoU---U Y1 ={0,..., {}, there
is some j : I — k and some p € W/ such that for each v € I, p(v) C Yiw)-
This statement is Hg(Z) uniformly in e and Z. Then, by Lemma 10.4.2, CLL(/:”’I

is large iff for every finite set F C C, CIL;W is large. The resulting statement is
therefore T10(C & M’). n

We shall work exclusively with non-trivial classes of the form %é”’l where
is a Scott ideal coded by a set of low degree, and C € N2 is AJ. The following
exercise shows that such classes are Hg.

Exercise 10.4.9. Let J be a Scott ideal, coded by a set M of low degree. Let
C € N? be 9. Show that U is TTS. *

10.4.2 Projections

We developed so far a theory of product largeness for a fixed set of indices I.
The main theorem of this chapter will invoke the pigeonhole principle over I
to obtain a sub-set | C I over which the large class admits better properties.
We must therefore define a proper notion of projection of a class s € I — 2N
over asub-set | C I.

10.4 Product largeness

167
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19: There exist multiple candidate notions
of projection. For instance, one could have
asked the class to be non-empty instead of
large. However, this definition enjoys better
combinatorial properties.

20: This claim is precisely the reason we de-
fined projection in terms of largeness rather
than non-emptiness.

Definition 10.4.10. Given aclass i C I — 2V and a subset | C I, let
7t7(sd) be the class of all (X, : v € J) such that the following class is large:'®

{Xy:vel\]):(X,:vel)ed}

It is not clear at first sight that this definition of projection is not too strong, that
is, asking the residual class to be large instead of non-empty might yield a
small projection. Thankfully, the following lemma states that a large number of
elements satisfies this property.

Lemma 10.4.11 (Monin and Patey [78]). Let o1 C I — 2N be a large class,
and ] C I be a subset. Then 7t;(sf) is large. *

ProoF. The class 7tj(sf) is upward-closed by upward-closure of o. Let Yo U
--+ U Y1 = N for some k € N. Suppose for the contradiction that for every
jiJ] = k (Yjo v €]) ¢ md). Unfolding the definition, for every
j ] — k, the following class is not large:

(X iveI\]) (X v e I\]) - (Y v e]) e i)

Let ZoU---UZy_1 = N be the common refinement of all the covers witnessing
that these classes are not large, and of Yo U - - - U Y1 = N. Since o is large,
there is some 7 : I — £ such that (Z,(,) : v € I) € dl. Since the cover refines
YoU---UYq =N, there is a function j : ] — k such that for every v € |,
Yi) 2 Zyv)- Leti: I\ ] — € be the restriction of 7 to I \ J. Then by upward-
closure of o, (Ziq) : v € I\ ) U(Yj() : v € ]) € o, which contradicts the

fact that Zg U - -- U Zy_; = N refines the witness of non-largeness for j. =

The following lemma states the existence of a commutative diagram between
large classes and their projections. It will be very useful to consider each
projection independently, and obtain a decreasing sequence of large sub-
classes of I — 2N,

Lemma 10.4.12 (Monin and Patey [78]). Let ‘?Lé”’l cl —-2Npea large
class for some Ag setC C N2, ] C I be asubset of indices and o C n,(cué”“)
be a I1J large class. Then there is a A) set D 2 C such that U} C %Lé”“ is
large, and n](%l/)”’l) =d. *

Proor. Say of = %éu’] for some Ag set E C N2. There exists an increasing
computable function f : N — N such that for every e € N and every oracle Z,

%]%(;_f) (X, :veD): (X, :ve])eu} LetD = CU{(f(e),i) :

(e,i) € E}. Then D is Ag and CIL}SW isthe classof all (X, : v € I) € %g/“
suchthat (X, : v e ) e d.Since D 2 C, %g“ c Cué”“.

We claim that Cu{)”"f is large.?° Note that it is upward-closed, as both CZL(/:W and
o are. Letk € Nand YoU---UY;_1 = N.Since of C ] — 2V is large, there is
some j : | — ksuchthat(Yj(,) : v € ]) € sl. Moreover, since ol C n;(%é"l),
the class

{(Xp:vel\]) (X :ve ]\ U(Yjp) :ve])yeul

is large. Therefore, there is some i : I \ | — k such that (Y, : v € I\ ])
belongs to this class. Letting 7 : I — k be the common extension of i and j,
Ypy:velye "ué”’l. Thus, (Y, :v€I) € CLLLJ)%'I. This proves our claim.
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We claim that Tq(%éﬂ’l) = dl. By definition, given (Y, : v € ]) € o, the class
B={Y,:vel\]):(Y,:vel)eu}islarge since sf C my(UL").
By construction of Gu,g”'f, B=AY,:vel\]):(Y,:vel)e Cug“},
so(Y,:ve])e n](%g/“). It follows that n](%gt’l) 2 dl. Suppose now
that (Y, : v € J) € my(UL"). Then the class @ = {(Y, : v e I\ ) : (Y, :
velye %1/)”’[} is large, and in particular non-empty. By definition of %l/’j/l’l,
(Y, :ve])ed. Thus my(UL") C o -

Exercise 10.4.13. Let [ = {0, 1}, ] = {0}, let Odd and Even be the sets of
odd and even numbers, respectively. Let B = (Logg X 2V) U (Leven X {N}).
Let 7(%) be the set of all X € 2V such that (X, Y) € 9 for some set Y.2'

1. Show that & is large.

2. What is 7t;(98)? What is 7t;(%)?

3. Show that Leyen is @ Hg sub-class of 7t;(%), but there is no large sub-
class @ C 9B such that 71;(D) = Leven. *

10.4.3 Index sets

So far, we only manipulated large classes over product spaces for a fixed
index set I, and reduced the dimension of a space using projection. One of the
main interest of product spaces is to force multiple positive information on the
reservoirs by considering the cartesian product of two large classes. Given two
index sets I and K, there exists a natural one-to-one correspondence between
the following two classes:??
K—>(I—-2Y) and KxI—2V

We therefore identify the two classes, and givenaclass d C [ — ZN, we
consider K — o as a sub-class of K x I — 2V,

Definition 10.4.14. Given two index sets [ and |, we write | < [ if there is
an index set K such that ] = K x I. Given two classes o C I — 2N and
BC]— 2N, wewrite B < o if ] = Kx1I forsome K and B C K — o.¢

If ] < I as witnessed by an index set K, we call canonical surjection the
function f : ] — I defined for every (u,v) € ] X I by f(u,v) = v.

Exercise 10.4.15. Let I > I; > I, be three index sets and sf; C I; — 2N be
classes for each i < 3. Show that if 3 < 9, and o, < ¢fq, then o3 < of7.%

10.5 Product Mathias forcing

Let us now exemplify the concepts introduced in this chapter by designing a
variant of Mathias forcing whose generic sets have a jump of non-PA degree
over (. The main theorem of this chapter will be an elaboration of this notion
of forcing, with many subtleties due to the disjunctive nature of the pigeonhole
principle.

Fix a countable Scott ideal /i, coded by a set M of low degree. Consider
the notion of forcing®® whose conditions?* are tuples (0,(X, : v € I),C),
where

21: In other words, 7t; () is the alternative
notion of projection. The goal of this exercise
is to show that such version does not satisfy
Lemma 10.4.12.

22: The translation from the second class to
the first class is known in computer science
as curryfication.

283: This notion of forcing may seem quite
complex at first sight, but it is arguably the
natural refinement of Mathias forcing with a
good second-jump control which produces
non-cohesive solutions.

24: One could have merged the sets (X :
v € I) into a single set X = Uy, Xy, and
worked with tuples (o, X, I, C), such that
Cué%’l is a large sub-class of &£ x.,cj). The
use of multiple reservoirs will however be
needed for our later refinement of Mathias
forcing.
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25: Contrary to the proof of Theorem 9.7.1,
the reservoirs belong to JL, so the forcing
question can directly involve the reservoirs
rather than using an over-approximation in
terms of largeness. The forcing question
therefore has a good definitional complexity
and is I'I(l]-extremal.

1. I is a finite index set;

2. (0, U,e X)) is a Mathias condition;
3. Cué%’l is a large sub-class of Z(x, .very;
4. (X, :velye M andCis A).

A condition (7,(Y,, : p € ]), D) extends (0,(X, : v € I), C) if (T, Upes Yyu)
Mathias extends (o, Uyer Xv), ] < I with canonical surjection f : | — I,

‘ul/)”’l < CLL(/:”’I, and forevery p € J, Yy, € X¢(y)-

Every filter F for this notion of forcing induces a set G = U{o : (0,(X, :
v € I),C) € F}. The following extension lemma states that not only for every
sufficiently generic filter &, the set Gg is infinite, but if  contains a condition
(0,{(X, :vel),C),then Gx N X, is infinite for every v € I.

Lemma 10.5.1. Let (0,(X, : v € I),C) be a condition and x € X, for
some v € I. Then (o U {x}, (X, \ [0,x] : v € I}, C) is a valid extension. *

Proor. Immediate by Exercise 10.4.4. [ ]

As one expects, the use of multiple reservoirs prevents Gg to be cohesive
as a set. The following lemma states that for every computable instance R
of COH with no computable solution, and every sufficiently generic filter &, the
set Gg is not R-cohesive.

Lemma 10.5.2. Let ﬁ = Rg, Ry, ... be a uniformly computable sequence of
sets with no computable infinite R-cohesive set. For every condition (o, (X, :
v € I),C), and every u € I, there is an extension (0,(Y(;,) : (i,v) €
2x1I),D) and some 1 € N such that Y(p,,) € Ry and Y{y, ;) € R, *

ProoF. Pick any u € I and let of = n{y}(%é”’l). Note that of is a Hg sub-
class of Zx,. By Exercise 9.6.27, there is some n € N such that of N Zg,
and o N Sﬁﬁn are both large. By Lemma 10.4.5, gl = d N FijX# and
diy =dnN Sﬁﬁnmxy are both large. By Lemma 10.4.12, there are two A(z)

sets Dy, D1 2 C such that %g’l - Cué%’l is large and 7ty (%g’l) = d; for

eachi < 2.Let] =2x1, D C N? be such that Cug/L’] = %gf}’l X Culg”l'l. Then

A, g =
UNT < UM Let Yo = Xy N Ry, Y = Xy N Ry, and Y0 = X,
otherwise. Then the condition (g, (Y, : v € J), D) is the desired extension.m

Having a notion of forcing producing non-cohesive generic sets is a sanity
check, but it might be the case that the generic set computes a cohesive set
for a computable instance of COH. We shall prove later that this does not
happen, by designing a Hg-merging and Zg-preserving forcing question for
X5-formulas.

Forcing question for Z(l)-formulas. We now design a forcing question for
Z(l’-formulas. It essentially corresponds to the forcing question for computable
Mathias forcing.2®

Definition 10.5.3. Given a Mathias condition (o, X) and a Z? formula ¢(G),
define (o, X) ?+ ¢(G) to hold there exists some p C X such that ¢ (o U p)
holds. ¢

Note that this relation is Z‘l)(X). The proof of validity of the forcing question for
Z?-formulas is straightforward and is left as an exercise.
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Exercise 10.5.4. Letp = (0,(X, : v € I), C) be a condition and ¢(G) be a
Y formula. Prove that

1. if (0, Uy Xy) ?F @(G), then there is an extension of p forcing ¢(G) ;
2. if (0, Uy Xy) 2¢ @(G), then there is an extension of p forcing =@(G). x

Syntactic forcing relation. As in the proof of Theorem 9.7.1, it will be conve-
nient to define a syntactic forcing relation for Hg-formulas.

Definition 10.5.5. Letp = (0, (X, : v € I), C) be a condition and ¢(G) =
Vxip(G, x) be a Hg formula. Let p - @(G) hold if for every p € Uyer Xo
and every x € N,26 27

W C{(Y,ivel):(aup, | JY) 2 9(G, x)}

vel

Since the size of the index set may increase over condition extension, it is not
completely clear that this syntactic forcing relation is closed under extension.
The following lemma shows that it is the case.

Lemma 10.5.6. Let p be a condition and ¢(G) be a Hg—formula such that
p I+ ¢(G). For every extension g < p, q I ¢(G). *

Proor. Say p = (0,(X, : v € I),C),q = (1,{Yy, : u € ]),D), and
¢(G) = Vxy(G, x). Let Kbe suchthat ] = K x I,andlet f : ] — I be
the canonical surjection. Fix some x € N and some p C U#GI Yy. Since
(T, Uper Y,;) Mathias extends (0, U,j Xy), there is some 1 C U,y X, such
that T U p = 0 U 7. Since p IF ¢(G), then

W C {(Ry:vely:(0Un | JR) 2 P(G, x)}

vel

We claim that

U C(Zyuel):(tUp, | Z) 2 ¥(G,x)}
uej

Fixsome(Z,:pu€]) € %f)”’]. Since %Ll/)%'] < %Lg/“, %{)”’] CK— "“ug/“. It
follows that there is some (R, : v € I) € %é”’l suchthat Uyej Zy 2 Uver Ry
Since (0 U1, Uyer Ry) 2 9(G, x), then (T U p, Uper Zy) 2+ 9(G, x). ]

Together with Lemma 10.5.6, the following lemma states that, for every suffi-
ciently generic filter &, if p - @(G) for some p € &, then p forces @(G).

Lemma 10.5.7. Let p = (0,(X, : v € I),C) be a condition and ¢(G) =
VxiP(G, x) be a Hg formula. If p I @(G), then for every x € N, there is an
extension g < p forcing ¢(G, x). *

ProoF. Fix x € N. Since p I+ ¢(G), then in particular, for p = 0,

W (Y, vely:(aup, | Y2 9(G, x)}

vel

Since(X, :vel)e Cué”“,then (0, Uyer Xv) 2+ (G, x). By Exercise 10.5.4,
there is an extension of p forcing ¢(G, x). ]

26: One would be tempted to only require
that the intersection of the left and right-
hand side of the inclusion is large. However,
since cué”’l may decrease over condition
extension, this forcing relation would not be
closed under extension. Asking for inclusion
is a way to strongly enforce the largeness of
the intersection, for every further restriction
of Cué”“ .

27: Technically, we should have used
(o up, | JY\[0,maxp])
vel

to ensure that the minimum of the reservoirs
is larger than the stems, but we drop this
restriction for simplicity of the notation.
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Forcing question for Zg-formulas. We now have all the necessary tools to de-
fine a forcing question for Zg—formulas with good definitional and combinatorial
properties.

Definition 10.5.8. Letp = (0,(X, : v € I), C) be a condition and ¢(G) =
JxP(G, x) be a Zg formula. Let p 2+ ¢(G) hold if the following class is not
large:

wn () {ivel:(oup Y9G, )}

xeN,pCUyer Xy vel

By Lemma 10.4.8, the forcing question is £9(C & M’), hence ) since M is
low and C Ag. It follows that the forcing question is Zg-preserving. We now
prove that it meets its specifications.

Lemma 10.5.9. Let p be a condition and ¢(G) a Zg-formula.

1. If p 2+ @(G), then there is an extension of p forcing @ (G).
2. If p 2% @(G), then there is an extension g of p with g - =¢(G). *

Proor. Say p = (0,(X, : v € I),C) and ¢(G) = IxyY(G, x).

Suppose first p 2+ @(G). Then there is some finite set F € C, some { € N
and some xg, ..., X;—1 € Nand py, ..., pr—1 € Uyer Xy such that

d=U" (Y vel): (cUps, | Y) 2 ¢(G, x)}

s<{ vel

is not large. Given k € N, let € be the H?(//L) classofall Yo@- - -®Yj_1 € 2V
suchthat Yo U---U Y1 = Nandforevery j: I — k,(Yj):vel) ¢d.
There is some k € N such that 6y # 0. Since Jl is a Scott ideal, there is some
Yo® -+ ® Yi_1 € Bx N JL. By Proposition 10.4.6, there is some j : [ — k
such that “ué%’l N Sf(y].MZVED is large. Since (Yj(,) : v € I) & d, there is
some s < ¢ such that (0 U ps, Uver Yjw)) 2F (G, x;). By definition of a
condition, %é”’l C &(x,.vely, S0 by Lemma 10.4.5, %g’“ N g(x‘.m/,-(l,):ven is
large. Forevery v € I, let Z, = X, N Y]-(V). LetD 2 Cbea Ag set such
that CZLIS%’I = cué”" N Lz, veny- Then g = (0 U ps,(Z, : v € I), D) is an
extension of p such that (o U ps, Uyer Yju)) ?F (G, x5). By Exercise 10.5.4,
there is an extension of g forcing ¢(G, x;), hence forcing @(G).

Suppose first p 2 @(G). Let D 2 C be a Ag set such that

W =un () {M:velD:(aUp, [ JY) (G, x)}
xeN,pCUyer Xy vel

Then g = (0,(X, : v € I), C) is an extension of p such that 4 - =¢(G). =

Our last lemma states that the forcing question for Zg—formulas is Hg—merging.
It follows from Exercise 10.2.8 that for every sufficiently generic filter &, GQ; is
not of PA degree over )’.

Lemma 10.5.10. Let p be a condition and ¢(G), ¢1(G) be two Zg—formulas.
If p?¥ @o(G) and p 2% @1(G), then there is an extension q of p with q I
=¢@o(G) and g - =@1(G). *



Proor. Say p = (0,(X, : v e€I),C)and ¢;(G) =
2. Foreach i < 2, let D; 2 C be a AJ set such that

Up'=utn () YveD:(oup, (U2 iG,x)}
xeN,pCUyer Xy vel

Ixy;i(G, x) foreach i <

Let D C N? be a AJ set such that %2> %m f %JM I Foreach (i,v) €
2x1,let Y, = X Then g = (o, (Y(Z v (i, v) €2X I) D) is the desired
extension of p. [ ]

Exercise 10.5.11. Fix a uniformly computable sequence § = g0, 81,... of
functions of type N — N. Use product Mathias forcing to show that there
exists an infinite thin g-cohesive?® set C C N such that C” is not of PA degree
over (', *

10.6 Pigeonhole principle

As explained in Section 3.4, Ramsey’s theorem for pairs can be decomposed
into the cohesiveness principle (COH) and the pigeonhole principle for Ag
instances (RTl)’ It is natural to wonder whether this decomposition is strict,
that is, whether COH implies (RT ) or (RT ) implies COH over RCAg. The
former question can easily be answered negatively by a first-jump control
argument (see Hirschfeldt et al. [47]), while the former was a long-standing open
question. It was first answered negatively by Chong, Slaman and Yang [29]
using non-standard models.?® More recently, Monin and Patey [78] proved
that (RT%)’ does not imply COH over w-models, by proving that (RT%)’ admits
jump PA avoidance using a variant of the product Mathias forcing.

Theorem 10.6.1 (Monin and Patey [78]) .
Let A C N be a Ag set. There exists an infinite subset H C AorH C A
such that H' is not of PA degree over ()’.%°

The natural attempt would be to adapt product Mathias forcing to construct
solutions to (RT%)’, the same way Mathias forcing was adapted in the proof of
Theorem 3.4.6. Fixa Ag set A and a countable Scott ideal ./, coded by a set M
of low degree. Let Ag = A and A; = A, and consider the notion of forcing
(Q, <) whose conditions are tuples of the form (09, 01,(X, : v € I),C),
where (0;,{X, : v € I), C) is a product Mathias forcing condition for each i <
2, and g; € A;. Condition extension is defined accordingly. One must really
think of such notion of a condition as two product Mathias conditions sharing
the reservoirs and notions of largeness. Any filter # induces two sets Gg
and Gg 1, defined by Gg ; = \U{0; : (09, 01,{X, : v € I),C) € F}.

Syntactic forcing relation. The syntactic forcing relation for Hg-formulas is
a straightforward adaptation of Definition 10.5.5. The only difference comes
from the structural constraint of homogeneity, which requires p to be included
inAj;.

Definition 10.6.2. Let p = (09, 01,(X, : v € I), C) be a condition, i < 2
be a part and ¢(G) = Yxi(G, x) be a IT) formula. Let p I ¢(G;) hold if
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28: Recall that an infinite set C € N is
thin g-cohesive if for every n € N, there is
some k € N such that C \ [0, k] is g,-thin.

29: Chong, Slaman and Yang [29] con-
structed a non-standard model of RCA( +
BZg + (RT%)’ in which every set is of low de-
gree (from the viewpoint of the model). Such
a model cannot be standard, as Downey et
al. [28] constructed a Ag set with no infinite
subset of it or its complement of low degree.

30: The statement relativizes as follows:
For every set Z such that Z’ is not of PA de-
gree over (), and every Ag(Z) set A, there
exists an infinite subset H C Aor H C A
such that (H @ Z)’ is not of PA degree
over ().
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forevery p € A; N Uyer Xy and every x € N,

W C (Y, ivel):(oiUp, | JY) 2 9(G, x)}

vel

The proof of stability of the syntactic forcing relation under condition extension
is left as an exercise.

Exercise 10.6.3. Adapt the proof of Lemma 10.5.6 to show that if p is a
condition and ¢(G) is a Hg-formula such that p IF @(G;) for some i < 2, then
for every extension g < p, q I @(G;). *

Contrary to product Mathias forcing, this syntactic forcing relation does not
entail the semantic one in general, because the stem must be a subset of A;.
One must therefore introduce a notion of validity as in Theorem 9.7.1.

31: One could have strengthened the Definition 10.6.4. We say that part i of (0¢, 01,(X, : v € I), C) is valid if
definition of validity by requiring that (X, NA;j:velye %éﬂ’l. Part i of a filter F is valid if part i is valid for
U N L . is large. Indeed e

C (XyNA;:vel) ¢ » o 31
Lemma 10.6.13 eilready proves the exis- every condition in F. ¢
tence of a valid part in the stronger sense.

A new problem arises in the realm of product spaces: if d C 2N x 2V is large,
there is not necessarily some i < 2 such that (A;, A;) € o. It follows that
every condition does not necessarily have a valid side. We shall leave this
issue for now. The notion of validity is designed so that the following lemma
holds.

Lemma 10.6.5 (Monin and Patey [78]). Let p = (00, 01,{(X, : v € I),C)
be a condition with valid part i and ¢(G) = Vx¢(G, x) be a Hg formula.
Ifp - qo(Gi), then for every x € N, there is an extension g < p forcing
QD(GI‘, x). *

Proor. Fix x € N. Since p I ¢(G;), then in particular, for p = 0,

W (Y, ivel)y:(o;Up, | Y2 ¢(G, x)}

vel

By validity of partiof p, (X,NA; : v € I) € Cué”“,so (01, AiNUyer X3) 2 Y(G, x).
Let u € Ai N Uyer Xy be such that ¢(o; U i, x) holds. Let 7; = 0; U g,
Ti-i = 01-i, and foreach v € I, letY, = X, \ {0,..., maxyu}. Then
(0, 71, (Ys : v € I), C) is an extension forcing ¢(G;, x). [ ]

Together with Exercise 10.6.3, the previous lemma implies that, for every
sufficiently generic filter & with valid part 7, if p I- @(G;) for some p € &, then

32: This statement might be vacuous asthe  p forces @(G;).%2

existence of a sufficiently generic filter with

a valid part is not clear. Exercise 10.6.6 (Monin and Patey [78]). Let p,q € Q be two conditions
such that g < p. Show that if part i of g is valid, then so is part i of p. *

The following exercise implies that for every sufficiently generic filter & with
valid part i, Gg ; is infinite.

Exercise 10.6.7 (Monin and Patey [78]). Let p = (0o, 01,(X, : v € I),C)
33: Note that the extension has the same be a condition. Show that if part i of p is valid, then there is an extension

index set as the condition. This will be useful q= (70, 71,(Y, : v € I), D) such that card 7; > card 0.3 *
in combination with Lemma 10.6.14.



Index sets. As mentioned, if 91 C 2N x 2V is large, there is not necessarily
some i < 2 such that (A;, A;) € si. On the other hand, if of C 2N x 2N x 2N,
by the pigeonhole principle, there is some i < 2 andsomea < b < 3
such that (A;, A;) € 1y, ) (). We shall therefore work with a more complex
notion of condition over a larger index set, representing multiple Q-conditions
by projections. To do this, we shall define an infinite sequence of big index
sets Jp > JF > ... where ¥, contains only finite sequences of length n,
satisfying some appropriate Ramsey property on its index subsets.

Example 10.6.8. Say ¥; = {0,1,2} andlet]l < % if [ € F; and card I =
2. By the pigeonhole principle, for every 2-partition of .#;, there is some
monochromatic I < ;.

We now generalize the previous example for argument for every n. Let ug, uq, . . .

be inductively defined by o = 1 and 41 = (**3™) uy,.
Definition 10.6.9. Given n € N, the meta n-index set .9, is defined induc-
tively defined as follows: %y = {€}, and

Fn+1=Quy +1)XF ={x-v:x<2u, Avel,}

Technically, meta index sets are nothing but index sets. However, they differ by
their role, as they should be thought of families of index sets {I C .5, : [ <.%,,},
for some relation < that we define now:

Definition 10.6.10. Let < be the smallest relation satisfying {e} < %, and
ifl < F,andx <y < 2upy, then (x - TU Y- I) < Fpypp.3 o

Note that if [ <.%,, then I C .%,. Moreover, if | <%, 41, then there is some [ <.%,
such that | < I. An easy counting argument yields the following lemma.

Lemma 10.6.11 (Monin and Patey [78]). For every n € N, card{I C .%, :
1 <149,} = u,. *

Proor. By induction over n. For n = 0, there is exactly one I C ., such that
[ <%, namely, {€}, and 1y = 1. Suppose card{I C ., : [ <.F,} = u,. Then
card{] € Fys1 ] 9Ty} = (M) card{I € Iy s 1< Ty} = (M uy =
Un+1- u

The following lemma states that the meta index sets satisfy some desired
Ramsey property. It will play an essential role in proving that every meta-
condition contains a branch with a valid side.

Lemma 10.6.12 (Monin and Patey [78]). Forevery n € N and every 2-cover
Bo U By = %, there is some I < .F,, and some i < 2 such that I C B;. *

Proor. By induction on n. The case n = 0 is trivial. Assume it holds for n.
Let By UBy = Fy+1. Forevery x < 2u, andi <2,letBy; ={v:x-v € B;}.
Note that for each x < 2u,, By o U By,1 = 5, so by induction hypothesis,
there is some I <.%, and iy < 2 such that I, C By . By Lemma 10.6.11,
card{I C .9, : I<.%,} = uy,, so by the pigeonhole principle, there is some x <
Yy < 2uy,somel <.F,andi < 2suchthatl = I, = [, andi = iy = iy.
Letting] =x-IUy-I, wehave ] < %41 and ] C B;. ]
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34: The notation x-I means {x-v : v € [}.
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35: One must be a bit careful when using
this lemma: it only states the existence of a
commutative diagram for a fixed n.

Meta-conditions. We now define a more complex notion of forcing (P, <),
whose conditions are of the form ((o}, 0! : I <.%,),(X, : v € F,),C) for
some n € N, where

1. of C A;foreachi <2and I <.%,;

2. (af, Uver X,) is a Mathias condition for each i < 2 and I < %y;
3. %gﬂ’j“ C J, — 2V is a large sub-class of £x, .ve.s,);

4. (Xy:veF)edandCis A).

We write P, for the set of meta-conditions indexed by .%,,, and Q,, for the set of
conditions indexed by some I <.%,,. One should really think of a meta-condition
¢ =(ol, 0l :1<5,),(X, : v € F),C)as u,-many parallel Q-conditions
cll = (!, 01,(X, : v € I),C) for each I <., where C! € N?is such
that Gué”f’l = m(“LLg/L"Y"). We shall refer to ¢! as branches of c. The notion
of meta-condition has been design so that it satisfies the following validity
lemma:

Lemma 10.6.13 (Monin and Patey [78]). For every meta-condition c € P,,,
there is some I <.%, such that ! admits a valid part. *

Proor. Say ¢ = ((aé,o{ < I, (X v e F),C). Since AgUA; =N
and by Proposition 10.4.6, sg(cué”"") is large, there is some j : .§, — 2 such
that <A]'(V) (VE T, E Sﬁ(%é”’j"). Thus, %é/”” NZLx,veq,) N &P(A].(V):VEJ">

is large, so by Lemma 10.4.5, %é””” ) 55<XmAj(\,):veJn> is large.

Let B; = {v € J, : j(v) = i} for each i < 2. Since By U By = J,, then by
Lemma 10.6.12, there is some I <.%,, and some i < 2 such that I C B;. Since
Cué”"y” N iP(X‘,ﬁA/(V);VEJ,,) is large, then (X, N Ajiy : v € 1) € m(cué”"*’").
AsIC B, (XyNA;j:vel)=(X,NAj,:vel)e m(%é%"y”), so part
of the Q-condition ¢!/l is valid. n

A meta-condition d = (<T{),T{ 2] <9I, Yy : 4 € ), D) extends ¢ =
(o), 01 : 1<9.3,),(X, : v € Fy),C)if m > n, and for every | <1 .F, letting
I <19, be the unique index set such that | < I, dU/l < ¢!l as Q-conditions.
The following commutative diagram will be very useful to propagate lemmas
from (Q, <) forcing to (P, <) forcing.

Lemma 10.6.14 (Monin and Patey [78]). Fix a meta-condition ¢ € [P,, and
I <.9,. For every Q,-condition g < ¢l there is a meta-condition d < cin P,
such that dl!l = 4.3 *

ProoF. Say ¢ = ((a), 01 : 1 <9.F,),(X, : v €Fy),C)and g = (1}, 4, (Y, :
v € I),D'). By Lemma 10.4.12, there is a A) set D 2 C such that U™ C

Cué”’j” is a large class and 7'(1(%,/3%"7”) = CLLZ)”,'I. For every | < .F, with | # .F

andi < 2, let T{ = a{. Forevery v € 9, \ I, let Y;, = X,,. The meta-condition

d= (1,1l T<93,),(Y, : v € F4),D)is an extension of ¢ such that
dill = q. n

Forcing question for Zg-formulas. A meta-condition representing multiple
Q-conditions, requirements must be forced on every branch of the meta-
condition.



Definition 10.6.15. Given a requirement & (G), a part i < 2 and a meta-
condition ¢ € P,,, let Z(c, i) be the set of all I <1.%, such that c!! does not
force R(G;).%® o

One could define a non-disjunctive Zg-preserving forcing question for Zg-
formulas on Q-conditions which would meet its specifications, and witness
the answer by an extension with the same index set. For a single Zg-formula,
one could then use Lemma 10.6.14 to define a finite decreasing sequence
of meta-conditions ¢ = ¢g > ¢1 > -+ > ¢ such that R(cs41,1) € R(cs, 1),
eventually yielding R (ck, i) = 0 for each i < 2, thus forcing the requirement
on every part of every branch.

However, in order to obtain jump PA avoidance, one must design a Hg-merging
forcing question. The forcing question for Zg-formulas on Q-conditions is Hg-
merging, but the witnessed extension is obtained by considering the cartesian
product of multiple large classes, hence increasing the index set. Trying to
adapt Lemma 10.6.14 to increasing index sets would yield an extension d with
more branches. Then R (d, i) might be larger than R (c, i), which would not
yield a progress towards forcing the requirements on all the branches.

We shall therefore directly design a forcing question for Zg—formulas on meta-
conditions ¢, parameterized by the set R (c, i), with the following property:
either there exists an extension d with the same index set forcing & (G;) on
some branch I € %(c, i), yielding R(d, i) € R(c,i) \ {I}, or there exists
an extension d € P, with a larger index set, but forcing & (G;) on every
branch | <1 %, such that | < I for some I € R(c, i), so R(d,i) = 0.7

Definition 10.6.16. Let c = ((d, 0l : [ < %,),(X, : v € F,),C) be a
meta-condition, H € {I < ,},i < 2 and ¢(G) = Jxy(G, x) be a 2(2’
formula. Let ¢ ?+y ¢(G;) hold if the following class is not large:

Wl n () (Zuipe I (0iVp, | JZ)wP(G, x)}
IeH,xeN, vel
PgAiﬂUvel Xy

Note that the relation in Zg uniformly in H, i and ¢(G). The following lemma
states that the forcing question meets its specifications and the witnessed
extension has the same index set.

Lemma 10.6.17 (Monin and Patey [78]). Let ¢ € P,, be a meta-condition,
H c{I<9,},i <2, and ¢(G) be a X formula.

1. If ¢ 2k @(G;), then there is an extension d < ¢ in ’,, and some [ € H
such that dl!! strongly forces®® ¢(G;).

2. If ¢ 2% @(G;), then there is an extension d < ¢ in P, such that for
every I € H, d!1 - =¢(G;). *

ProoF. Say ¢(G) = 3x¢(G,x) and ¢ = ({0}, 0l : [ 9.F), (X, : v €
Jn),C). Foreveryl € H,x e Nand p € A; N Uyer Xy, let

Arxp={{Zy: e Iy): (o‘f Up, U Z,) % U(G, x)}

vel

Suppose first ¢ 2+ @(G;). Then there is some finite set F € C and some ¢ €
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36: This definition and the following expla-
nation is slightly approximative in the sense
given to “forcing”. In our setting, a posi-
tive answer to the forcing question yields
an extension strongly forcing the Zg for-
mula, while the witness of a negative an-
swer syntactically forces its negation. As
seen, the syntactical forcing relation implies
the semantical one only on valid parts. A re-
quirement being often a disjunction between
wrong computation and partiality, the formal
sense given to “forcing” actually depends
on the side of the disjunction. We will there-
fore give a more formal sense in the case
of jump PA avoidance in Definition 10.6.20.

37: The idea was already present in the
proof of Liu’s theorem [12], who designed
a forcing question for Z‘l)—formulas with the
same features. It is also present in Theo-
rem 5.3.3.

38: Recall that given a notion of forcing
(P, <), a condition p strongly forces a for-
mula ¢(G) if the formula holds for every
filter containing p.
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39: Note that in the definition of a weakly I'-
merging forcing question, the parameter k
might depend on the condition p.

N such that the following class is not large:

_ g, I
B = Uy M i,
IeH,x<t,pCAiNUyer Xy It

Since % is Z?(ﬂ/t) and J is a Scott ideal, there is some k € N and a k-cover
ZoU---UZg-1 = Nin Jl suchthatforevery j : F — k,(Zjq):v €I) ¢ B.
By Proposition 10.4.6, sg(cué”‘fj") is large, so there is some j : .F,, — k such
that (Zji) : v € Fu) € 3’(%?"7"). In particular, Cué%’j” N Lx,ves,) N
S£<Z].(V):VEJH> is large, so by Lemma 10.4.5, so is %é””” N ‘SI’<XV0Z/.(V>:VE§”>.
In particular, (X, N Ziwy 1 v € Ju) € %Lﬁ/”", so there is some [ € H,
some x < t and some p C A; N Uyer Xy [t such that (X, N Zj,)) ¢
sl . Unfolding the definition of sl v, (07 U p, Uyer Zj()) 2% 9(G, x), so
(of U p, Uver Zj(v)) strongly forces ¢(G, x), hence strongly forces ¢(G).
Let D C C be a Ag set such that Cu,g”'*’" = ‘?Lé%"y” N $<szj(v);v€3n>. For
every v € Jy, letY, = (X, N Zj)) \ {0,...,t}. Let Tf = ¢l U p and
I, =0l . Forevery] <., with ] # I, let T(]) = a(]) and T{ = a{. The
meta-condition d = (<T(]), T{ < F), (Y, v e Fy), D) is an extension of ¢
such that dU!! strongly forces ¢ (G;).

T

Suppose now ¢ ¥ @(G;).Let D 2 C be a Ag set such that

My Sn — qp M, Tn
Wl =

D Ar,xp

IeH,xeN,pCA;iNUyer Xy

The meta-condition d = ((ay, 0] : I <.%,),(X, : v € F,), D) is an extension
of ¢ such that dl!l I =(G;) for every I € H. "

Recall from Section 5.2 that given a notion of forcing (P, <) and a family of
formulas T, a forcing question is weakly I-merging® if for every p € P, there
is some k € N such that for every k-tuple of I'-formulas @o(G), . .., px-1(G),
if p?+@i(G) for each i < k, then there is an extension 4 < p and two
indices i < j < k such that q forces @;(G) A ¢;(G). Thanks to Liu's notion of
valuation (see Section 5.2), if a notion of forcing admits a Zg—preserving and
weakly Hg-merging forcing question for Zg-formulas, then every sufficiently
generic filter yields a set whose jump is not of PA degree over (.

This notion of weak Hg-merging forcing question does not apply directly on
meta-conditions due to the branching and disjunctive nature of meta-conditions,
but the same combinatorial argument holds, with the necessary adaptation. In
particular, the following lemma informally states that the forcing question on
meta-conditions for X5-formulas is weakly IT9-merging.

Lemma 10.6.18 (Monin and Patey [78]). Let ¢ € P,, be a meta-condition,
Hc {I<%,},i<2and @o(G), ..., ¢u,(G) be 2u, +1 many Zg formulas.
Suppose that for every s < 2uy,, ¢ 2¥i @5(G;). Then there is some extension
d € P,,4+1 such that for every I € H and every | < .%,4+1 such that | < I, there
are some a < b < 2u, such that

AN =p,(G))  and AU I —qy(Gy)

ProoF. Say ¢ = ((aé,a{ I < F),(Xy v € Fy),C) and @s(G)
Axys(G, x) for each s < 2u,. For every s < 2u,, the following class is



large:

ds=UL" 0 () HZurpe ) (0l Up, | JZ)) % Ys(G, x)}
IeH ,xeN, vel
PgArﬁUvel Xy

Let D C N? be a A set such that “ZLI/)”J”“ = [1j<au, s. In particular,
%1/3”’5”“ is large. For every (j, v) € Fy41, let Y(j) = Xy. Forevery | < 41,
let T{) =0} and T{ = o1, where I <.%, is the unique index set such that | < I.
Note that Cugll’j““ C Ly, ued,,) and Cul/)”’j“” < CIL(”:/L"Y“.The meta-condition

d= ((Té,’l’{ ] < In+1), Yy i 4 € Fus1), D) is an extension of c.

Fix ] € Hand | <.%,4+1 suchthat ] < [. Leta < b < 2u, be such that
J = {a,b} x I. We claim that dU! - =¢,(G;) and dUl - =¢;(G;). We prove
the former, the latter being symmetric. Fix some x € Nand p € A; N Uej Yy
Inparticular, p € AiNUye; Xy FiX(Z, : p € ]) € n;(%g/t’j"”). In particular,

(Zawy:velyed, C{ZypueTn): (0l Up, | Z)) % PalG, x)}

vel

s0 (61U p, Uver Zan) 2% ¢9a(G, x). As o] = T{ and Uyer Za,v) € Upes Zu,
then (T{ U p, Unes Z#)?”‘ 14(G, x). Thus, forevery x € Nand p € A; N
Uye] sz ﬂ](%g’y"”) < {<Zy TuEe]): (T,] Up, Uye] Zy) % P,(G, x)}, 80
AU - =g, (G)). "

Diagonalization. We now use the forcing question for Zg—formulas to prove
the appropriate diagonalization lemmas in the context of jump PA avoidance.
Because of the weakly Hg-merging nature of the forcing question for meta-
conditions, one needs to use the valuation machinery introduced by Liu [12].

Recall from Section 5.2 that a valuation is a partial {0, 1}-valued function
h € N — 2. A valuation is finite if it has finite support, that is, dom  is
finite. A valuation h is Z-correct if for every n € dom h, ®Z(n) |# h(n).
Two valuations f and h are compatible if for every n € dom f N dom 1,
f(n) = h(n). The following lemma is a relativization of Lemma 5.2.3.

Lemma 10.6.19 (Liu [12]). Fix a set Z. Let U be a Z-c.e. set of finite valua-
tions. Either U contains a Z-correct*° valuation, or for every k € N, there are
k pairwise incompatible finite valuations outside of U. *

For every ¢ € N, let R.(G) be the requirement “either CDeG' is partial, or
DY (x) |= @Y (x) for some x € N.” As mentioned in a note next to Defini-
tion 10.6.15, we overload the forcing relation for the requirement R, (G).

Definition 10.6.20. Given a Q-condition p, someindexe € N andaparti <
2, we say that p forces R.(G;) if
G
1. either p strongly forces “®, ' is incompatible with /" for a (’-correct
valuation h,
G
2. orp I “®," is compatible with k5" for two incompatible valuations
ho, h1.41 <&

According to Definition 10.6.15, given a meta-condition ¢ € P, we write
Re(c, i) for the set of index sets I <.%, such that c[!! does not force &, (G;).

10.6 Pigeonhole principle 179

40: Note that the appropriate relativization
of Lemma 5.2.3 requires to relativize the
notion of correctness, as itis a computability-
theoretic property.

41: The statement “CDE/ is incompatible
with h” is Zg(G), as it is equivalent to
FxdC (x)|# h(x).
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Lemma 10.6.21 (Monin and Patey [78]). For every meta-condition c, every
part i < 2 and index e € N such that R.(c,i) # 0, there is an extension
d < ¢ such that card R.(d, i) < card R.(c, 7). *

Proor. Let H = R.(c,i), and let U be the set of all valuations / such

G
that ¢ 2+ “®, ' is incompatible with /2”. Note that the set U is ’-c.e., so by
Lemma 10.6.19, we have two cases. Case 1: h € U for some 0’-correct
valuation . Then, by Lemma 10.6.17, there is an extension d < ¢ in P,, and

some I € H such that d!l strongly forces (DE’,' to be incompatible with /.
In particular, R.(d,i) € Re(c,i), hence card R.(d,i) < card R.(c, i).
Case 2: hg,..., hy,, ¢ U for 2u, + 1 pairwise incompatible valuations.
By Lemma 10.6.18, there is an extension d < c in P,,4+1 such that for ev-
ery I € H and every | < .,,4+1 such that | < I, there are some a < b < 2u,
such that dU/l “qbfg is compatible with f1,” and dUl - “CDE"' is compat-
ible with 1", hence dUl forces R.(G;). It follows that R.(d,i) = 0, so
card R.(d, i) < card R.(c, 7). L]

We say that a meta-condition ¢ € P, forces R.(G) if ¢!l forces R.(G;) for
every [ < %, and i < 2.

Lemma 10.6.22 (Monin and Patey [78]). Forevery meta-conditioncande €
N, there is an extension d < c forcing R.(G). *

ProoF. Apply iteratively Lemma 10.6.21 to obtain a meta-condition dy < ¢
such that R, (dy, 0) = 0. Then, apply again iteratively Lemma 10.6.21 to obtain
a meta-condition dq < dg such that R.(d1,1) = 0. ]

Tree structure. The partial order of meta-conditions being countable, every P-
filter can be identified with an infinite decreasing sequence of meta-conditions
co > c1 = ... Each meta-conditions represents multiple Q-conditions, each
of which admits two parts. By Lemma 10.6.13, every meta-condition admits
a branch with a valid part, and by Exercise 10.6.6, the valid parts a upward-
closed under the extension relation. The valid parts of Q-conditions along
a decreasing sequence of meta-conditions therefore naturally form a tree
structure, motivating the following definition.

Definition 10.6.23. A path through a P-filter & is a pair (P, i) where i < 2,
such that

1. foreveryn € N, P(n) < .%, such that P(n + 1) < P(n);
2. forevery c € F NP, part i of clP] s valid. o

By Lemma 10.6.13 and Exercise 10.6.6, every P-filter admits a path. For every
P-filter F and every path (P, i), let

Gp,i = ol ™ : (ol ol : 1<.9,),(X, 1 v € F,),C) € F)

If F is a sufficiently generic P-filter and (P, i) is a path through %, then
Fp = {cPM]: c e FNP,, n € N} might not be a sufficiently generic Q-filter.
Thankfully, if a @-condition p strongly forces a £, a IT) or a X)-formula, then
the property holds for every Q-filter containing p, with no consideration of
genericity. The following lemma states that the syntactic forcing relation for
Hg-formulas holds along paths of every sufficiently generic P-filter.



Lemma 10.6.24 (Monin and Patey [78]). Let F be a sufficiently generic P-
filter, and let (P, i) be a path through & . Let ¢(G) be a Hg-formula andc € 7.
If P11 (G;), then @(Gg p ;) holds. *

Proor. Fix some x € N and say ¢(G) = Vxi(G, x). Let D, be the set of
meta-conditions d < ¢ such that d[!l forces Y(G;, x) for every branch I <
P(n) such that part i of d[l is valid. By Exercise 10.6.3, Lemma 10.6.5 and
Lemma 10.6.14, the set &, is dense below c, so by genericity of &, there is
some d € Dy NF. Say d € P,,. Since P(m) < P(n) and part i of dlll is
valid, AP forces ¥(Gi, x), so P(Gg,p,i, x) holds. Thus ¢(Gg,p,;) holds.m

We are now ready to prove Theorem 10.6.1.

PRrRooF oF THEOREM 10.6.1. Let & be a sufficiently generic P-filter, and let
(P, i) be a path through %. By definition of a meta-condition, G p,; € A;. By
Exercise 10.6.7 and Lemma 10.6.14, Gg p,; is infinite. By Lemma 10.6.22, for
every e € N, the set of meta-conditions forcing R.(G) is dense, hence there
is some d, € P N F such that d, forces R.(G). By Lemma 10.6.24, it follows
that R.(Gs p,;i) holds for every e € N, so G;;,P”. is not of PA degree over ('.
This completes the proof of Theorem 10.6.1. [ ]

10.7 Jump DNC avoidance

As mentioned in the introduction, jump DNC avoidance did not receive as much
attention as jump PA avoidance since the DNC counterpart to COH did not
occur naturally in reverse mathematics.

Exercise 10.7.1. Adapt the proof of Theorem 10.2.1 to show that for every
sufficiently Cohen generic set G, G’ is not of DNC degree over @', *

Exercise 10.7.2. Adapt the proof of Theorem 10.2.4 to show that given a
non-computable set C and a non-empty I class % C 2V, there exists a
member G € & such that C £7 G and G’ is not of DNC degree over 0’. *

Recall from Section 5.8 that given a notion of forcing (P, <) and a family
of formulas I', a forcing question is countably I'-merging if for every p € P
and every countable sequence of I'-formulas (@s(G))sen, if p 2+ @;(G) for
each s € N, then there is an extension g < p forcing Vs @5 (G).

Exercise 10.7.3. Let (PP, <) be a notion of forcing with a Zg-preserving, count-
ably Hg-merging forcing question. Adapt the proof of Theorem 5.8.4 to show
that for every sufficiently generic filter &, G’g is not of DNC degree over (’. %

Both in the cases of Cohen forcing and WKL, we actually exploited a stronger
feature of the forcing question for Zg—formulas. A forcing question for 29,—
formulas is 10 -extremal if for every L0 -formula ¢ and every condition p € P,
if p 2# @(G), then p forces ~¢(G).

10.7 Jump DNC avoidance
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42: The relativization of effective immunity
has two parameters: a set A is Y-effectively

X-immune if there is an Y-computable func-
tion 1 : N — N such that for every X-c.e.

set WX with WX C A, then card WX <
h(e).

Exercise 10.7.4. Let (P, <) be a notion of forcing with a I} -extremal forcing
question. Show that the forcing question is countably Hg-merging. *

The status of the pigeonhole principle with respect to DNC degrees is slightly
different than PA degrees. First of all, contrary to PA degrees (see Theo-
rem 5.4.3), for every set X, there exists an instance of RT% such that every
solution is of DNC degree over X. Such instance is constructed thanks to
the notion of effective immunity. Recall from Section 6.2 that given a function
h: N — N, an infinite set A is h-immune if for every c.e. set W, such that
W, C A, then card W, < h(e). An infinite set is effectively immune if it is
h-immune for some computable function 7z : N — N.

Proposition 10.7.5 (Hirschfeldt et al. [47]). For every set X, there is an X’-
computable effectively bi-X-immune*? set A. *

Proor. Let h : N — N be defined by h(e) = 3e + 2. We build an h-X-
immune set A by stages using an X’-computable construction. At stage e,
assume A, is defined, and A(n) is defined for at most 2¢ other n’s. Decide
X’-computably whether WeX has at least 3e + 2 many elements. If so, then
there are at least two elements ng, 1y € WeX for which A has not yet been
decided. Let A(np) = 0 and A(n1) = 1. In any case, if A(e) is not defined yet,
let A(e) be any value among 0 and 1. This completes the construction. ]

In particular, letting X = (', there exists a Ag instance of RT; such that every
solution computes a DNC function over (’. This implies that RT% does not
admit strong DNC avoidance, and a fortiori does not admit strong jump DNC
avoidance.

Exercise 10.7.6. Use Proposition 5.7.2 to prove the existence, for every set X,
of an X’-computable set A such that every infinite subset of A or of A is of
DNC degree over X. *

Of course, the pigeonhole principle being computably true, every Ag instance
of RT; admits a Ag solution, hence a solution which is not of DNC degree
over (’. The following question remains open:

Question 10.7.7. Is there a Ag instance of RT; such that for every solution H,
H’ is of DNC degree over (’? *

One would naturally want to adapt the proof of Theorem 10.6.1 and work with
w-product largeness to obtain a countably Hg-merging forcing question for
Zg-formulas. However, w-product spaces do not behave as nicely as finite
product spaces, leaving the question open.



