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Abstract

In this article1, we prove that Ramsey’s theorem for pairs and two
colors is a ∀Π0

4 conservative extension of RCA0+BΣ0
2, where a ∀Π0

4 formula
consists of a universal quantifier over sets followed by a Π0

4 formula. The
proof is an improvement of a result by Patey and Yokoyama [25] and a
step towards the resolution of the longstanding question of the first-order
part of Ramsey’s theorem for pairs. For this, we introduce a new general
technique for proving Π0

4-conservation theorems.

MSC classes Primary: 03B30, 03F30 Secondary: 05D10

1 Introduction

Among the theorems studied in Reverse Mathematics, Ramsey’s theorem for
pairs plays a significant role, as it escapes the structural phenomenon of the
so-called Big Five. The study of its ω-models yielded many longstanding open
problems, and each of them motivated the discovery of new techniques in Com-
putability Theory [27, 3, 21, 22]. See Hirschfeldt [10] for a gentle introduction
to the Reverse Mathematics of Ramsey’s theorem.

Given a set X ⊆ N, we write [X]n for the set of unordered n-tuples over X. A
set H ⊆ N is homogeneous for a coloring f : [N]n → k if f is constant over [H]n.

Statement (Ramsey’s theorem for n-tuples and k colors). RTn
k : For every

coloring f : [N]n → k, there is an infinite f -homogeneous set.

1A first version of this article [20] was published at the Journal of the London Mathematical
Society. The authors proved the closure of largeness(T ) under Ramsey’s theorem for pairs
(RT2

2) by decomposing it into the Erdős-Moser theorem (EM) and the Ascending Descending
Sequence principle (ADS). However, the proof of closure under ADS ([20, Proposition 5.4])
was flawed, affecting [20, Corollary 5.5]. The authors then published a corrigendum in which
they proved directly [20, Corollary 5.5] with different explicit bounds. The current article is
a fixed version.
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From a proof-theoretic perspective, Ramsey’s theorem for pairs also raised
many challenging open questions, among which the characterization of its first-
order part. The first-order part of a theorem T of second-order arithmetic is
the set of its first-order consequences, that is, the sentences in the language
LPA which are provable by T . RT2

2 is known to imply the collection principle
for Σ0

2 formulas (BΣ0
2) over RCA0 (see Hirst [11]) and to be Π1

1 conservative
over RCA0 + IΣ0

2 (see Cholak, Jockusch and Slaman [3]). On the other hand,
Chong, Slaman and Yang [5] proved that RT2

2 does not imply IΣ0
2 over RCA0.

The following question is arguably the most important open question of the
reverse mathematics of Ramsey’s theorem:

Question 1.1. Is RT2
2 Π1

1 conservative over RCA0 + BΣ0
2?

The reader can refer to [19] for a history of the quest for the first-order part
of Ramsey’s theorem for pairs. Thanks to an isomorphism theorem for weak
König’s lemma (WKL0), Fiori-Carones, Ko lodziejczyk, Wong and Yokoyama [6]
proved that in order to prove Π1

1 conservation of RT2
2 over RCA0 + BΣ0

2, it is
sufficient to study only a fixed level in the arithmetic hierarchy.

Theorem 1.2 (Fiori-Carones et al. [6]). RT2
2 is Π1

1 conservative over RCA0 +
BΣ0

2 iff it is ∀Π0
5 conservative over RCA0 + BΣ0

2.

Here, a formula is ∀Π0
n if it is of the form ∀Xφ(X) where φ is a Π0

n formula.
Patey and Yokoyama [25] proved the following theorem:

Theorem 1.3 (Patey and Yokoyama [25]). RT2
2 is ∀Π0

3 conservative over RCA0.

Note that the ∀Π0
3 consequences of RCA0 and RCA0 + BΣ0

2 coincide, by a
parameterized version of the Parsons, Paris and Friedman conservation theorem
(see [14] or [2]). In this article, we make one further step towards the charac-
terization of the first-order part of Ramsey’s theorem for pairs, by proving the
following theorem:

Theorem 1.4 (Main theorem). WKL0 +RT2
2 is ∀Π0

4 conservative over RCA0 +
BΣ0

2.

The proof of the main theorem follows the structure of Patey and Yokoyama [25],
using an indicator for ∀Π0

4 conservation defined by Yokoyama [29, Section 4]. It
is based on a variant of the notion of α-largeness, which provides a new general
technique for proving ∀Π0

4-conservation theorems.
As in [25], in order to avoid confusion between the theory and the meta-

theory, we will use ω to denote the set of (standard) natural numbers, N to
denote the sets of natural numbers inside the system and ω for the ordinal ω in
the system.

1.1 Quantitative largeness and Π0
3 sentences

A family of finite sets of natural numbers L ⊆ [N]<N is said to be a largeness
notion if any infinite set has a finite subset in L and L is closed under supersets.
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Ketonen and Solovay [15] defined a quantitative notion of largeness, called ωn-
largeness (see Definition 2.1), to measure the size of sets necessary to satisfy
Σ0

1 formulas which WKL0-provably hold over infinite sets. More precisely, the
following theorem holds:

Theorem 1.5 (Generalized Parsons theorem for WKL0 [25]). Let ψ(x, y, F ) be
a Σ0 formula with exactly the displayed free variables. Assume that

WKL0 ⊢ ∀x∀X(X is infinite → ∃F ⊆fin X∃yψ(x, y, F ))

Then there exists some n ∈ ω such that IΣ0
1 proves ∀x∀Z ⊆fin (x,∞)

Z is ωn-large → ∃F ⊆ Z∃y < maxZψ(x, y, F )

The generalized Parsons theorem for WKL0 plays a key role in conservation
results, as it provides quantitative finitary counterparts to infinitary theorems.
See Patey and Yokoyama [25] for a proof of Theorem 1.5.

For the purpose of ∀Π0
4 conservation over WKL0 + BΣ0

2, we shall define a
new quantitative notion of largeness, called ωn-largeness(T ) (see Definition 2.5),
where T is any fixed Π0

3 sentence, and prove the following generalized Parsons
theorem:

Theorem 1.6 (Generalized Parsons theorem for WKL0+BΣ0
2+T ). Let ψ(x, y, F )

be a Σ0 formula with exactly the displayed free variables. Assume that

WKL0 + BΣ0
2 + T ⊢ ∀x∀X(X is infinite → ∃F ⊆fin X∃yψ(x, y, F ))

Then there exists some n ∈ ω such that IΣ0
1 proves ∀x∀Z ⊆fin (x,∞)

Z is ωn-large(T ) and exp-sparse → ∃F ⊆ Z∃y < maxZψ(x, y, F )

In Section 3, we shall develop a framework for ∀Π0
4 conservation over BΣ0

2,
and will in particular relate through Theorem 3.12 the notion of ∀Π0

4 conserva-
tion to provability over RCA0 + BΣ0

2 + T , for a Π0
3 sentence T .

1.2 Prerequisites

Along the paper, we shall resort to some well-known conservation theorems
without explicitly stating them.

Statement (Weak König’s lemma). WKL: Every infinite binary tree admits an
infinite path.

To follow the standard reverse mathematical practice, we shall write WKL0
for the theory RCA0+WKL. Weak König’s lemma plays a central role in Reverse
Mathematics, as it captures compactness arguments.

Theorem 1.7 (Hájek [8]). WKL0 + BΣ0
2 is a Π1

1-conservative extension of
RCA0 + BΣ0

2.
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Ramsey’s theorem for pairs admits a decomposition into two combinatorially
simpler statements, namely, the Ascending Descending Sequence principle and
the Erdős-Moser theorem.

Statement (Ascending Descending Sequence). ADS: Every infinite linear or-
der admits an infinite ascending or descending sequence.

Given a coloring f : [N]2 → 2, a set H ⊆ N is f -transitive if for ev-
ery {x, y, z} ∈ [H]3 with x < y < z and every i < 2, if f(x, y) = f(y, z) = i,
then f(x, z) = i.

Statement (Erdős-Moser theorem). EM: For every infinite coloring f : [N]2 →
2, there is an infinite f -transitive subset.

Ramsey’s theorem for pairs and two colors is equivalent to ADS ∧ EM (see
Bovykin and Weiermann [1]). Chong, Slaman and Yang [4, Corollary 4.4] proved
the following theorem, among other Π1

1 conservations of combinatorial state-
ments:

Theorem 1.8 (Chong, Slaman and Yang [4]). ADS is a Π1
1 conservative exten-

sion of RCA0 + BΣ0
2.

The following theorem was proven by Patey and Yokoyama [25] and is a gen-
eralization of an amalgamation theorem for Π1

1 conservation by Yokoyama [28].

Theorem 1.9 (Amalgamation [25]). Fix n ≥ 1. Let T be a theory extending IΣ0
1

which consists of sentences of the form ∀X∃Y θ(X,Y ) where θ is Π0
n+2, and let

Γ1 and Γ2 be sentences of the same form as T . If T+Γi is a ∀Π0
n+2-conservative

extension of T for i = 1, 2, then, T + Γ1 + Γ2 is a ∀Π0
n+2-conservative extension

of T .

In particular, putting Theorem 1.8 and Theorem 1.9 together, it is sufficient
to prove that EM is a ∀Π0

4 conservative extension of RCA0 + BΣ0
2 to prove our

main theorem.

Every Σ0
1 formula φ(G) can be expressed in normal form as ∃kψ(G↾k), where

ψ(σ) is a monotonous Σ0
1 formula, that is, if ψ(σ) and σ ⪯ τ , then ψ(τ) holds.

All over this paper, we shall use the following standard compactness argument:

Lemma 1.10 (Folklore). WKL0+BΣ0
2 proves that for every Σ0

1 formula φ(G) ≡
∃kψ(G↾k) in normal form such that ∀Aφ(A) holds, there exists some N1 ∈ N
such that for every σ ∈ 2N1 , ψ(σ) holds. Moreover, for every ∆0

2 predicate A,
φ(A) holds.

Proof. Suppose there is no such N1. Let T be the tree of all σ ∈ 2<N such that
¬ψ(σ). By monotonicity of ψ, T is a tree, and by assumption, it is infinite.
By WKL0, there is some A ∈ [T ]. Then for every k, ¬ψ(A↾k), so ¬φ(A),
contradicting our assumption. Let N1 witness the statement of the lemma and
let A be a ∆0

2 predicate. By BΣ0
2, A is regular, so A↾N1

is coded. By choice
of N1, ψ(A↾N1

) holds, so ∃kψ(A↾k) holds, hence φ(A) holds.
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1.3 Structure of this paper

In Section 2, we define two quantitative notions of largeness. The first one, ωn-
largeness, was defined by Ketonen and Solovay [15] and admits a generalized
Parsons theorem for provability over WKL0. The second one, ωn-largeness(T ),
is new, and plays the same role as ωn-largeness, but for provability over WKL0+
BΣ0

2 + T , where T is any fixed Π0
3 sentence.

Then, in Section 3, we develop a framework for ∀Π0
4 conservation of RT-like

theorems. For this, given a RT-like theorem Γ, we first define in Section 3.1
a notion of n-density(Γ), which informally asserts the existence of sufficiently
large finite sets, such that n consecutive applications of Γ yield a large set.
Following techniques initially defined by Kirby and Paris [16], we prove that
RT2

2 is a ∀Π0
4 conservative extension of RCA0 +BΣ0

2+ “there exists n-dense sets
for every n ∈ ω” (see Theorem 3.9). ∀Π0

4 conservation over RCA0 + BΣ0
2 is

then reduced to whether RCA0 + BΣ0
2 proves the existence of these n-dense(Γ)

sets, for every n ∈ ω. It is however difficult to directly prove the existence of
n-dense(Γ) sets, and we therefore resort in Section 3.2 to the quantitative notion
of largeness, ωn-largeness(T ), to prove this existence step by step, by handling
one application of Γ at a time.

In Section 4, we introduce the grouping principle, originally defined by
Patey and Yokoyama [25], and prove that it is a Π1

1 conservative extension
of RCA0 + BΣ0

2. This principle was shown very useful to construct ωn+1-large
sets from sequences of ωn-large sets after an application of RT2

2 in [25]. Using
the generalized Parsons theorem for WKL0 + BΣ0

2 + T , we derive a finitary ver-
sion of the grouping principle in Section 4.1. This will be the actual version
which will be used in the last section. In Section 5, we apply this framework to
prove that EM and RT2

2 are ∀Π0
4 conservative extensions of RCA0 + BΣ0

2.
In Section 6, we give two proofs that RCA0 +BΣ0

2 is a conservative extension
of RCA0 for a restricted class of ∀Π0

4 formulas.
In Section 7, we prove the tightness of the upper bound of largeness for the

pigeonhole principle. Last, in Section 8, we open the discussion to proof sizes
and state some related open questions.

2 Largeness

In this section, we define some quantitative notions of largeness both for WKL0
and for WKL0 + BΣ0

2 + T , where T is any Π0
3 sentence. The first notion of

largeness is originally due to Ketonen and Solovay [15], and is already well-
understood. The second notion is new, so we conduct a systematic study of
it, by proving some combinatorial lemmas, and a generalized Parsons theorem,
which will often be used in the remainder of this article.

2.1 Largeness for WKL0

Ketonen and Solovay [15] defined a quantitative notion of largeness, called α-
largeness for every α < ϵ0, and proved a partition theorem for this notion. We
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give here an equivalent inductive definition in the restricted case where α is
of the form ωn · k with n, k ∈ N. This definition will serve as a basis for the
quantitative notion of largeness for WKL0 + BΣ0

2 + T .

Definition 2.1 (Largeness for WKL0). A set X ⊆fin N is

• ω0-large if X ̸= ∅.

• ω(n+1)-large if X \ minX is (ωn · minX)-large

• ωn · k-large if there are k ωn-large subsets of X

X0 < X1 < · · · < Xk−1

where A < B means that for all a ∈ A and b ∈ B, a < b.

Following the convention of Ko lodziejczyk and Yokoyama [18], we always
assume that minX ≥ 3 to avoid some degenerate behavior when minX is too
small. The equivalence between Definition 2.1 and the original one is a conse-
quence of [9, Theorem II.3.21]. This notion of largeness enjoys many desirable
properties: RCA0 proves that ωn-largeness is a largeness notion for every n ∈ ω.
Moreover, it satisfies the generalized Parsons theorem for RCA0 (Theorem 1.5).

Remark 2.2. The definition above is also a notion of largeness for WKL0+BΣ0
2,

and Theorem 1.5 also holds if one replaces provability over WKL0 by provability
over WKL0 + BΣ0

2, as WKL0 + BΣ0
2 is a ∀Π0

3 conservative extension of WKL0
(see [14] or [2]).

The main result of Ketonen and Solovay is the following partition theorem:

Theorem 2.3 (Ketonen and Solovay [15]). Fix k ∈ ω. RCA0 proves that for
every ωk+4-large set X ⊆fin N and for every coloring f : [X]2 → k, there is an
ω-large f -homogeneous subset Y ⊆ X.

The theorem of Ketonen and Solovay was later generalized by Ko lodziejczyk

and Yokoyama [18, Theorem 1.6], who proved that if X is ω300k−1n-large, then
for every coloring f : [X]2 → k, there is an ωn-large f -homogeneous subset.

2.2 Largeness for WKL0 + BΣ0
2 + T

We now adapt the notion of ωn-largeness, to obtain a quantitative notion of
largeness which will play the same role, but for provability over WKL0+BΣ0

2+T
where T is a Π0

3 sentence.
Such a development might seem a bit ad-hoc and unrelated to ∀Π0

4 con-
servation at first sight, but it will make full sense in Section 3.2, where it
will be shown to be very useful for proving the existence of density notions.
The reason of the use of a Π0

3 sentence comes from the standard proof that
a statement Γ is ∀Π0

4 conservative over RCA0 + BΣ0
2. Assume that some sen-

tence of the form ∀P∀p∃x∀y∃zζ(P ↾z, p, x, y, z) is not provable over RCA0+BΣ0
2,
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where ζ is a Σ0
0-formula. Then there exists some model M = (M,S) with

some set P ∈ S and some integer p ∈ M such that M |= RCA0 + BΣ0
2 +

∀x∃y∀z¬ζ(P ↾z, p, x, y, z). Working in a language enriched with constants P
and p, and letting T ≡ ∀x∃y∀z¬ζ(P ↾z, p, x, y, z), we want to create a model
of RCA0 + BΣ0

2 + T which furthermore satisfies Γ. We therefore naturally end
up reasoning over RCA0 + BΣ0

2 + T for a Π0
3 sentence T .

For the remainder of this article, and unless specified, the arithmetic hierar-
chy is extended to allow the use of the constants P and p inside formulas. Let
θ(x, y, z) be the Σ0

0-formula ¬ζ(P ↾z, p, x, y, z) and let T ≡ ∀x∃y∀zθ(x, y, z).

Definition 2.4. Two finite sets X < Y are T -apart if

∀x < maxX∃y < minY ∀z < maxY θ(x, y, z)

Note that T -apartness is a transitive relation. Moreover, if X < Y are
T -apart and X0 ⊆ X and Y0 ⊆ Y , then X0, Y0 are T -apart.

Definition 2.5 (Largeness for RCA0 + BΣ0
2 + T ). A set X ⊆fin N is

• ω0-large(T ) if X ̸= ∅

• ω(n+1)-large(T ) if X \ minX is (ωn · minX)-large(T )

• ωn · k-large(T ) if there are k pairwise T -apart ωn-large(T ) subsets of X

X0 < X1 < · · · < Xk−1

As for ωn-largeness, we will only consider sets X such that minX ≥ 3. In
addition, we will also require that minX ≥ p to ensure that the constant p will
always be in the new model obtained by building a proper cut (see Proposi-
tion 2.16).

Note that if we take θ(x, y, z) to be the ⊤ formula, then ωn · k-largeness(T )
is exactly ωn · k-largeness. We first prove some basic closure properties for ωn-
largeness(T ). A stronger closure property will be proven in Section 2.4.

Lemma 2.6. RCA0 + BΣ0
2 + T proves that for every b ∈ N, if ωb-largeness(T )

is a largeness notion, then

1. For every c ∈ N, ωb · c-largeness(T ) is a largeness notion ;

2. ωb+1-largeness(T ) is a largeness notion.

Proof. Suppose that ωb-largeness(T ) is a largeness notion.
Fix an infinite set X. We prove by internal Σ0

1(X) induction over c ≥ 1, that
X contains an ωb · c-large(T ) subset. The case c = 1 follows from the fact that
ωb-largeness(T ) is a largeness notion. Assume the case k holds. Let F ⊆ X be
an ωb · k-large(T ) set. Since T holds, then by BΣ0

2, there is some d ∈ X such
that

∀x < maxF∃y < d∀zθ(x, y, z)
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Since X \ [0, d] is infinite and ωb-largeness(T ) is a largeness notion, there is
an ωb-large(T ) subset G ⊆ X \ [0, d]. Then F ∪ G is an ωb · (c + 1)-large(T )
subset of X. Since every infinite set X contains a ωb · c-large(T ) subset, then
ωb · c-largeness(T ) is a largeness notion.

Suppose now that for every c ≥ 1, ωb · c-largeness(T ) is a largeness notion.
In particular, for every infinite set X, there is an ωb · (minX)-large(T ) set F ⊆
X \ {minX}, hence {minX} ∪F is an ωb+1-large(T ) subset of X. Thus, ωb+1-
largeness(T ) is a largeness notion.

Proposition 2.7. For every n ∈ ω, RCA0+BΣ0
2+T proves that for every c ≥ 1,

ωn · c-largeness(T ) is a largeness notion.

Proof. We prove by external induction over n that ωn-largeness(T ) is a large-
ness notion. Then statement of the proposition then follows from Lemma 2.6.
For the base case, since every non-empty finite set X is ω0-large(T ), then ω0-
largeness(T ) is a largeness notion. The induction case is the second item of
Lemma 2.6.

A set X is exp-sparse if for every x < y ∈ X, 4x < y.

Corollary 2.8. For every n ∈ ω, RCA0 +BΣ0
2 + T proves that for every c ≥ 1,

exp-sparse ωn · c-largeness(T ) is a largeness notion.

Proof. Fix n ∈ ω and c ≥ 1. Let X be an infinite set. Then, there is an
infinite exp-sparse subset Y ⊆ X. By Proposition 2.7, there is an ωn ·c-large(T )
subset F ⊆ Y . In particular, F is an exp-sparse ωn · c-large(T ) subset of X.

2.3 Largeness(T ) combinatorics

The following lemma is inspired from Ko lodziejczyk and Yokoyama [18, Lemma
2.2], but required some variations of the combinatorics to handle the constraints
based on T .

Lemma 2.9. IΣ0
1 proves that for all b ∈ N, every ω2b-large(T ) exp-sparse set X

and every coloring f : X → minX, there is an ωb-large(T ) f -homogeneous
subset Y ⊆ X.

Proof. By induction over b.
Case b = 0. For every ω0-large(T ) set X and every f : X → minX, every

1-element subset of X is f -homogeneous and ω0-large(T ).
Case b > 0. Fix an ω2b-large(T ) exp-sparse set X and f : X → minX.

Since X is ω2b-large(T ), there are minX pairwise T -apart ω2b−1-large(T ) sub-
sets X0 < · · · < XminX−1 of X \ minX. Suppose X0 is not f -homogeneous,
otherwise we are done. Let t < minX be maximal such that f [

⋃
i<tXi] ⊇ f [Xt].

Note that t ≥ 1 exists since otherwise,

2 ≤ |f [X0]| < |f [X0 ∪X1]| < · · · < |f [X0 ∪ · · · ∪XminX−1]|
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and therefore |f [X]| ≥ minX + 1, contradicting the assumption that f : X →
minX.

Since Xt is ω2b−1-large(T ), there are minXt pairwise T -apart ω2b−2-large(T )
subsets Y0 < · · · < YminXt−1 of Xt \ minXt.

By induction hypothesis, for every j < minXt, there is a ωb−1-large(T )
subset Zj ⊆ Yj which is f -homogeneous for some color cj < minX. Since
X is exp-sparse, 4maxXt−1 < minXt so (maxXt−1)2 < minXt, thus minX ×
maxXt−1 < minXt. Thus, by the finite pigeonhole principle, there is a subset
J ⊆ {0, . . . ,minXt − 1} of size at least maxXt−1 and some color c < minX
such that for every j ∈ J , cj = c. By choice of t, f [

⋃
i<tXi] ⊇ f [Xt], so there is

some x ∈
⋃

i<tXi with f(x) = c. Thus, the set {x}∪
⋃

j∈J Zj is an ωb-large(T )
f -homogeneous subset of X.

Lemma 2.10. Let n,m ∈ ω. IΣ0
1 proves that for every ωn+m+1-large(T ) set X,

there are ωn-large(T ) pairwise T -apart subsets X0 < · · · < Xk−1 of X such that
{minXi : i < k} is ωm-large (in the regular sense of largeness)

Proof. By external induction over m, we prove the following statement that
directly imply the lemma (assuming that minX ≥ 3): for all T -apart pairs
Y0 < Y1 of ωn+m-large(T ) sets, there are ωn-large(T ) subsets X1 < · · · < Xk−1

of Y1 such that, letting X0 = Y0, {minXi : i < k} is ωm-large and X0, . . . , Xk−1

are pairwise T -apart.
Case m = 0. The result is clear, as every non-empty set with an element

greater than 3 is ω0-large(T )
Case m > 0. Let Y0 < Y1 be ωn+m-large(T ) and T -apart, let Z0 < · · · <

ZminY1−1 be ωn+m−1-large(T ) pairwise T -apart subsets of Y1. Since Y0 is ωn+m-
large(T ), then it is ω-large and therefore minY1 > maxY0 ≥ 2 × (minY0).

We can then apply the inductive hypothesis on the pairs

(Z0, Z1), . . . , (Z2(minY0)−2, Z2(minY0)−1)

to get for every j < minY0, families of pairwise T -apart ωn-large(T ) subsets
Z2j = Xj,0 < · · · < Xj,kj

of Z2j ∪ Z2j+1 such that {minXj,i : i < kj} is
ωm−1-large.

Consider the family, Y0 < X0,0 < X0,1 < · · · < X0,k0
< X1,0 < X1,1 < · · · <

XminY0−1,kminY0−1
. Every block of this family is ωn-large(T ). Since X0,0 ⊆ Y1,

then Y0 and X0,0 are T -apart. Moreover, for all j < minY0 − 1, since Xj,kj ⊆
Z2j+1 and Xj+1,0 = Z2j+2, Xj,kj

and Xj+1,0 are T -apart. So by denoting Wi the
i-th element of the family and by k the cardinality of the family, {minWi|i < k}
is ωm-large and the Wi’s are pairwise T -apart. This completes the proof.

2.4 Closure of largeness(T )

Given an ordinal α ≤ ϵ0, we let WF(α) be the ∀Π0
3 statement of the well-

foundedness of α. It is well-known that, over RCA0, WF(α) is equivalent to the
fact that every infinite set admits an α-large subset (see [18, Lemma 3.2]). This
motivates the following definition:
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Statement. WFT (ωb): Every infinite set admits an ωb-large(T ) subset. In
other words, ωb-largeness(T ) is a largeness notion.

For every n ∈ ω, RCA0 proves that WF(ωn) holds, but RCA0 does not
prove WF(ωω). Thus, given a model M = (M,S), the set WF(ωM) = {b ∈
M : M |= WF(ωb)} is a cut of M which is proper iff M ̸|= WF(ωω). RCA0

proves that WF(M) is an additive cut, that is, for every b ∈ N, WF(ωb) implies
WF(ω2b) (see [18, Lemma 3.2]). We prove the same property for WFT (ωM) =
{b ∈M : M |= WFT (ωb)}.

Lemma 2.11 (RCA0 + BΣ0
2 + T ). Let a, b ∈ N, k ≥ 0 and X0 < X1 < · · · <

Xk−1 be pairwise T -apart ωa-large(T ) sets such that {maxXs : s < k} is ωb+1-
large(T ). Then {maxX0} ∪

⋃
1≤s<kXs is ωa+b-large(T ).

Proof. By induction over b. If b = 0, then since any ω1-large(T ) set has cardi-
nality at least 2, k > 1, and by assumption, X1 is ωa-large(T ), so {maxX0} ∪⋃

1≤s<kXs is ωa+b-large(T ).

Let b > 0. Let Z0 < Z1 < . . . Zℓ−1 be pairwise T -apart ωb-large(T ) sets
such that {ℓ} ∪ Z0 ∪ · · · ∪ Zℓ−1 is an ωb+1-large(T ) subset of {maxXs : s < k}.
By induction hypothesis, for every t < ℓ, the set Wt = {minZt} ∪

⋃
{Xs :

maxXs ∈ Zt \ minZt} is ωa+b−1-large(T ). Note that minZt = minWt and
maxWt = maxZt. Given i < j < ℓ, since Zi and Zj are T -apart, and since
maxZi = maxWi, minZj = minWj and maxWj = maxZj , then Wi and Wj

are T -apart. Last, since maxX0 ≤ ℓ, then {maxX0} ∪W0 ∪ · · · ∪Wℓ−1 is an
ωa+b-large(T ) subset of {maxX0} ∪

⋃
1≤s<kXs.

Proposition 2.12. RCA0 + BΣ0
2 + T proves that for every a ∈ N, if ωa-

largeness(T ) is a largeness notion, then so is ω2a-largeness(T ).

Proof. Suppose ωa-largeness(T ) is a largeness notion. Fix an infinite set X.
We build greedily an infinite subsequence X0 < X1 < . . . of pairwise T -apart
ωa-large(T ) sets. Suppose for the contradiction that there is some k ∈ N such
that Xk+1 is not found.

Since T holds, then by BΣ0
2, there is some b ∈ X such that

∀x < maxXk∃y < b∀zθ(x, y, z)

Since X \ [0, b] is infinite and ωn-largeness(T ) is a largeness notion, there is an
ωn-large(T ) subset Xk+1 ⊆ X \ [0, b]. Then X0, . . . , Xk+1 are pairwise T -apart,
contradiction.

By Lemma 2.6, ωa+1-largeness(T ) is a largeness notion. Since Y = {maxYs :
s ∈ N} is an infinite set, then there is an ωa+1-large(T ) subset F . By Lemma 2.11,⋃
{Xs : maxXs ∈ F} is an ω2a-large(T ) subset of X.

2.5 A generalized Parsons theorem for WKL0 + BΣ0
2 + T

We now turn to the proof of a generalized Parsons theorem for this notion of
largeness. The proof is an elaboration of the original construction by Kirby and
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Paris [16]. It is based on the construction of a semi-regular cut which satisfies
some extra properties to make it a model of RCA0 + BΣ0

2 + T . We start with a
few definitions:

Definition 2.13 (Cut). A cut in a model M of first order arithmetic is a
nonempty subset I ⊆M which is closed by successor, and is an initial segment
of M , that is, if a ∈ I and b ≤ a, then b ∈ I

Definition 2.14 (Semi-regular cut [16]). A cut I ⊆M is said to be semi-regular
if for every M -finite set E ⊆M such that |E| ∈ I, E ∩ I is bounded in I.

The following proposition shows that semi-regular cuts are exactly those
coding a model of WKL0:

Proposition 2.15 (See Scott [26] and Kirby and Paris [16, Proposition 1]).
Let I ⊆ M be a cut and let Cod(M/I) = {S ∩ I : S is M -finite}. Then I is
semi-regular if and only if (I,Cod(M/I)) |= WKL0.

Proposition 2.16. Given a countable non-standard model M = (M,S, pM, PM)
of IΣ0

1 and an M -finite set Z ⊆ M which is ω2c-large(T ) and exp-sparse for
some c ∈M\ω, there is an initial segment I of M such that (I,Cod(M/I), pM, PM∩
I) |= WKL0 + BΣ0

2 + T and I ∩ Z is infinite in I.

Proof. Let (Ei)i∈ω be an enumeration containing all the M -finite sets infinitely
many times each and let (fi)i∈ω be an enumeration containing infinitely many
times all the M -finite functions from {0, . . . ,maxZ} to a k where k < maxZ.

We will build a decreasing sequence of sets Z = Z0 ⊇ Z1 ⊇ . . . such that Zi

will be ω2c−i

-large(T ) (and still exp-sparse).

At stages of the form s = 4i, let Z4i be given. If minZ4i ≤ |Ei|, then keep

Z4i+1 = Z4i. If minZ4i > |Ei|, then, letting Z0
4i < · · · < ZminZ4i−1

4i be ω2c−4i−1

-

large(T ) such that
⊔

j<minZ4i
Zj
4i ⊆ Z4i, by the finite pigeonhole principle, there

exists a j < minZ4i such that Ei ∩ Zj
4i = ∅, in this case, take Z4i+1 = Zj

4i for
such a j.

At stages of the form s = 4i + 1, let Z4i+1 be given. Let k be the range
of fi, if minZ4i+1 < k, then keep Z4i+2 = Z4i+1. If minZ4i+1 > k then fi
induce a coloring f̃i : Z4i+1 → minZ4i+1 and let Z4i+2 be an ω2c−4i−2

-large(T )
f̃i-homogeneous subset of Z4i+1 (by Lemma 2.9).

At stages of the form s = 4i + 2, let Z4i+2 be given and put Z4i+3 =
Z4i+2 \ {minZ4i+2}.

At stages of the form s = 4i+ 3, let Z4i+3 be given. Z4i+3 contains at least

two ω2c−4i−4

-large(T ) and T -apart subsets, Y0 < Y1. Take Z4i+4 = Y1.
Finally, let I = sup{minZi|i ∈ ω}. First, note that by convention, for every

ω2c-large(T ) set Z, pM ≤ minX, hence pM ∈ I.
The stages of the form s = 4i ensure that I is a semi-regular cut and therefore

(I,Cod(M/I)) |= WKL0.
The stages of the form s = 4i+ 2 ensure that Zi ∩ I is infinite in I for every

i (and in particular Z ∩ I is infinite in I).

11



The stages of the form s = 4i + 1 ensure that (I,Cod(M/I)) |= RT1 (and
therefore BΣ0

2): let f : I → k ∈ Cod(M/I), there exists an index i ∈ ω such
that f = fi ∩ I (and therefore f = fi↾I) and since k ∈ I, we can take the i to
be large enough for minZ4i+1 to be bigger than k (Since every such function
appears infinitely many times in the enumeration). By construction Z4i+2 is
fi-homogeneous, so Z4i+2∩ I is an element of Cod(M/I) that is f -homogeneous
and infinite in I.

The stages of the form s = 4i+3 ensure that (I,Cod(M/I), pM, PM∩I) |= T
as for every k ∈ I, there exists an index i such that k < minZ4i+3 and therefore
∀x < k∃y < minZ4i+4∀z < maxZ4i+4 θ(x, y, z) holds. Replacing PM by
PM ∩ I inside θ(x, y, z) does not change its truth value for x, y, z ∈ I, hence
(I,Cod(M/I), pM, PM ∩ I) |= ∀x < k∃y∀z θ(x, y, z).

Theorem 1.6 (Generalized Parsons theorem for WKL0+BΣ0
2+T ). Let ψ(x, y, F )

be a Σ0 formula with exactly the displayed free variables. Assume that

WKL0 + BΣ0
2 + T ⊢ ∀x∀X(X is infinite → ∃F ⊆fin X∃yψ(x, y, F ))

Then there exists some n ∈ ω such that IΣ0
1 proves ∀x∀Z ⊆fin (x,∞)

Z is ωn-large(T ) and exp-sparse → ∃F ⊆ Z∃y < maxZψ(x, y, F )

Proof. By contradiction, assume that for all n ∈ ω, IΣ0
1 does not prove

∀x∀Z ⊆fin (x,∞)[Z is ωn-large(T ) and exp-sparse → ∃F ⊆ Z∃y < maxZψ(x, y, F )]

There is a countable model M = (M,S) |= IΣ0
1, satisfying for every n ∈ ω

∃x∃Z ⊆fin (x,∞)

[
Z is ω2n -large(T ) and exp-sparse
and ∀F ⊆ Z∀y < maxZ¬ψ(x, y, F )

]
We can assumeM to be non-standard, so by overspill, there exists a b ∈M\ω

such that

M |= ∃x∃Z ⊆fin (x,∞)

[
Z is ω2b -large(T ) and exp-sparse
and ∀F ⊆ Z∀y < maxZ¬ψ(x, y, F )

]
Let c ∈ M and Z ⊆fin (c,∞) ω2b -large(T ) be such that M |= ∀F ⊆ Z∀y <

maxZ¬ψ(c, y, F ). By Proposition 2.16, there is an initial segment I of M such
that (I,Cod(M/I), pM, PM ∩ I) |= WKL0 + BΣ0

2 + T and Z ∩ I infinite in I.
Therefore,

(I,Cod(M/I), pM, PM ∩ I) |= (Z ∩ I is infinite ∧ ∀F ⊆fin Z ∩ I∀y¬ψ(c, y, F ))

This contradicts our assumption that

WKL0 + BΣ0
2 + T ⊢ ∀x∀X(X is infinite → ∃F ⊆fin X∃yψ(x, y, F ))

12



3 A framework for ∀Π0
4 conservation

We now develop a framework for proving that RT-like statements are ∀Π0
4 con-

servative over RCA0 + BΣ0
2. This will be divided into two sections : First,

building up on the work of Kirby and Paris [16], we prove in Section 3.1 that
every RT-like theorem Γ is ∀Π0

4 conservative over RCA0 + BΣ0
2+ a first-order

theory stating the existence of dense(Γ) sets. Then, in Section 3.2, we use the
quantitative notion of largeness defined in Section 2 to prove the existence of
dense(Γ) sets, assuming the existence of a combinatorially simpler objects.

Given a function f : [N]n → k and a finite set G = {x0 < · · · < xℓ−1}, let
fG : [ℓ]n → k be defined by fG(i0, . . . , in−1) = f(xi0 , . . . , xin−1).

Definition 3.1 (RT-like formula). Given n, k ∈ ω, an RT-like formula is a
Π1

2-formula of the form

(∀f : [N]n → k)(∃Y )(Y is infinite ∧ Ψ(f, Y ))

where Ψ(f, Y ) is of the form (∀G ⊆fin Y )Ψ0(fG) with Ψ0 a ∆0
0-formula.

RT-like statements were introduced and studied in the standard realm by
Patey [24], formulated in terms of forbidden patterns. The idea behind the
formula Ψ is that theorems from Ramsey theory are about structure and not
the actual value of the domain. Thus, every solution is rewritten as a copy of
the integers.

Remark 3.2. The notion of RT-like statement is a particular case of Ramsey-
like-Π1

2-formula, introduced by defined by Patey and Yokoyama [25]. It already
encompasses Ramsey’s theorem for pairs, the Ascending Descending Sequence
principle and the Erdős-Moser theorem. This section could have been formulated
and proven in the more general setting of Ramsey-like-Π1

2-formulas, with the cost
of some heavier notations as in [25].

Since an RT-like statement does not distinguish the solutions from the set
of the integers, it proves a slightly stronger formula, stating that the class of
solutions is dense in the partial order ([N]N,⊆).

Lemma 3.3. Let Γ ≡ (∀f : [N]n → k)(∃Y )(Y is infinite∧Ψ(f, Y )) be an RT-like
formula. Then RCA0 + Γ proves

(∀f : [N]n → k)(∀X infinite)(∃Y ⊆ X)(Y is infinite ∧ Ψ(f, Y ))

Proof. Let f : [N]n → k be a coloring and X = {x0 < x1 < . . . } be an infinite

set. Let f̂ : [N]n → k be defined by f̂(i0, . . . , in−1) = f(xi0 , . . . , xin−1
). By Γ,

there is an infinite set Ŷ ⊆ N such that Ψ(f̂ , Ŷ ). Let Y = {xs : s ∈ Ŷ }. We
claim that Ψ(f, Y ) holds.

Say Ψ(f, Y ) ≡ (∀G ⊆fin Y )Ψ0(fG) with Ψ0 a ∆0
0-formula. Let G ⊆fin Y ,

and let Ĝ = {s : xs ∈ G}. Say G = {xs0 , . . . , xsℓ−1
}. Then

fG(i0, . . . , in−1) = f(xsi0 , . . . , xsin−1
) = f̂(si0 , . . . , sin−1) = f̂Ĝ(i0, . . . , in−1)

hence fG = f̂Ĝ. Since Ψ(f̂ , Ŷ ) and Ĝ ⊆fin Ŷ , then Ψ0(f̂Ĝ) holds, then so does
Ψ0(fG). Since it holds for every G ⊆fin Y , then Ψ(f, Y ) holds.
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3.1 Density(T ) for RT-like statements

There exists a very general way to characterize the first-order part of a second-
order theory, using the notion of density, originally defined by Kirby and Paris [16].
This was later adapted by Bovykin and Weiermann [1, Theorem 1] to prove Π0

2

conservation of combinatorial theorems, and generalized by Patey and Yokoyama [25,
Theorem 3.4] for ∀Π0

3 conservation.

Definition 3.4. Fix an RT-like statement

Γ = (∀f : [N]n → k)(∃Y )(Y is infinite ∧ Ψ(f, Y )).

We define inductively the notion of m-density(T,Γ) of a finite set Z ⊆ N
as follows. A set Z is 0-dense(T,Γ) if it is ω-large(T ) and a set Z is (m +
1)-dense(T,Γ) if

(a) for any f : [Z]n → k, there is an m-dense(T,Γ) set Y ⊆ Z such that
Ψ(f, Y ) holds, and,

(b) for any partition Z0 ⊔ · · · ⊔ Zℓ−1 = Z such that ℓ ≤ Z0 < · · · < Zℓ−1, one
of the Zi’s is m-dense(T,Γ).

(c) for any f : Z → minZ, there is an m-dense(T,Γ) set Y ⊆ Z which is
f -homogeneous

(d) there is an m-dense(T,Γ) set Y ⊆ Z such that

∀x < minZ∃y < minY ∀z < maxY θ(x, y, z)

As for largeness(T ), we require that anym-dense(T,Γ) setX satisfies minX ≥
max{3, p}.

Remark 3.5.

(1) In the definition above, item (a) is an indicator for Γ, item (b) for WKL0,
item (c) for RT1 and item (d) for T . Strictly speaking, this notion corre-
sponds to m-density(Γ,WKL0,RT

1, T ), but for simplicity of notation, we
only made explicit the varying parameters.

(2) Note that item (b) follows from item (c). However, for clarity and explic-
itness of the indicators, we kept both items.

(3) Also note that there is a hidden use of BΣ0
2 in item (d). Indeed, one

assume that every x < minZ will have minY as a uniform bound. One
could have modified this item to require that for every x < minZ, there
is an m-dense(T,Γ) set Y ⊆ Z and some y < minY such that ∀z <
maxZ θ(x, y, z).

We now prove the core combinatorial lemma which relates the notion of
density to the existence of a cut satisfying the desired properties.
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Lemma 3.6. Let Γ be an RT-like statement. Given a countable nonstan-
dard model M |= IΣ0

1 and an M -finite set Z ⊆ M which is c-dense(T,Γ)
for some c ∈ M \ ω, then there exists an initial segment I of M such that
(I,Cod(M/I), pM, PM ∩ I) |= WKL0 + BΣ0

2 + Γ + T and I ∩ Z is infinite in I.

Proof. Let Γ be an RT-like statement of the form

(∀f : [N]n → k)(∃Y )(Y is infinite ∧ Ψ(f, Y ))

where k, n ∈ ω and Ψ in the form of Definition 3.1
Let (Ei)i∈ω be an enumeration containing all the M -finite sets infinitely

many times each, let (fi)i∈ω be an enumeration of all the M -finite functions from
[{0, . . . ,maxZ}]n to k and let (gi)i∈ω be an enumeration containing infinitely
many times all the M -finite functions from {0, . . . ,maxZ} to a l where l <
maxZ.

We will build a decreasing sequence of sets Z = Z0 ⊇ Z1 ⊇ . . . such that Zi

will be (c− i)-dense(T,Γ).

At stages of the form s = 5i, let Z5i be given. If minZ5i ≤ |Ei|, then keep
Z5i+1 = Z5i. If minZ5i > |Ei|, let Ei = {e0, . . . , el−1} where e0 < · · · < el−1

and put Z0
5i = Z5i ∩ [0, e0)M , Zj

5i = Z5i ∩ [ej−1, ej)M for 1 ≤ j < l − 1 and

Zl
5i = Z5i∩ [el−1,∞)M . Then Z5i = Z0

5i⊔ · · ·⊔Zl
5i, thus one of the Zj

5i for j ≤ l

is (c− 5i− 1)-dense(T,Γ). Put Z5i+1 to be such a Zj
5i.

At stages of the form s = 5i + 1, let Z5i+1 be given. Let l be the range of
gi, if minZ5i+1 < l, then keep Z5i+2 = Z5i+1. If minZ5i+1 > l then gi induce
a coloring g̃i : Z5i+1 → minZ5i+1 and let Z5i+2 be an (c − 5i − 2)-dense(T,Γ)
g̃i-homogeneous subset of Z5i+1.

At stages of the form s = 5i + 2, let Z5i+2 be given and put Z5i+3 =
Z5i+2 \ {minZ5i+2}.

At stages of the form s = 5i + 3, let Z5i+3 be given and let Z5i+4 be a
(c− 5i− 4)-dense(T,Γ) subset of Z5i+3 such that

∀x < minZ5i+3∃y < minZ5i+4∀z < maxZ5i+4 θ(x, y, z)

At stages if the form s = 5i+4, let Z5i+4 and fi be given. Let Z5i+5 ⊆ Z5i+4

satisfying Ψ(fi, Z5i+5).

Finally, let I = sup{minZi|i ∈ ω}.

The stages of the form s = 5i ensure that I is a semi-regular cut and therefore
(I,Cod(M/I)) |= WKL0.

The stages of the form s = 5i+ 2 ensure that Zi ∩ I is infinite in I for every
i (and in particular Z ∩ I is infinite in I).

The stages of the form s = 5i + 1 ensure that (I,Cod(M/I)) |= RT1 (and
therefore BΣ0

2): let g : I → k ∈ Cod(M/I), there exists an index i ∈ ω such
that g = gi ∩ I (and therefore g = gi↾I) and since k ∈ I, we can take the i to
be large enough for minZ5i+1 to be bigger than k (Since every such function
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appears infinitely many times in the enumeration). By construction Z5i+2 is
gi-homogeneous, so Z5i+2∩ I is an element of Cod(M/I) that is g-homogeneous
and infinite in I.

The stages of the form s = 5i+3 ensure that (I,Cod(M/I), pM, PM∩I) |= T
as for every k ∈ I, there exists an index i such that k < minZ5i+3 and therefore
∀x < k∃y∀z < maxZ5i+4 θ(x, y, z), so (I,Cod(M/I), pM, PM ∩ I) |= ∀x <
k∃y∀z θ(x, y, z) (since maxZ5i+4 > I), so (I,Cod(M/I)) |= T .

The stages of the form s = 5i + 4 ensure that (I,Cod(M/I)) |= Γ: Let
f : [I]n → k ∈ Cod(M/I), there exists an index i ∈ ω such that f = fi ∩
I (and therefore f = fi↾I). By construction, M |= Ψ(fi, Z5i+5) and thus
(I,Cod(M/I)) |= Ψ(f, Z5i+5 ∩ I) and since Z5i+5 ∩ I is infinite in I we have
(I,Cod(M/I)) |= Γ.

We can now define a Paris-Harrington-like principle to which our theorem
will be ∀Π0

4 conservative over RCA0 + BΣ0
2.

Definition 3.7 (Paris-Harrington principle for density(T )). Fix a Σ0
0-formula

θ(X↾z, t, x, y, z) with exactly the displayed free variables and some n ∈ ω. Let n-
PHθ(Γ) be the statement

“For every p, b and every set P , if ∀x∃y∀zθ(P ↾z, p, x, y, z) then there is an
n-dense(∀x∃y∀zθ(P ↾z, p, x, y, z),Γ) set X such that minX > b.”

The following proposition shows that this Paris-Harrington-like statement
can be actually proven by Γ, with the help of compactness.

Proposition 3.8. Fix a Σ0
0-formula θ(X↾z, t, x, y, z) with exactly the displayed

free variables. Then for every n ∈ ω, WKL0 + BΣ0
2 + Γ ⊢ n-PHθ(Γ).

Proof. Write T (X, t) ≡ ∀x∃y∀zθ(X↾z, t, x, y, z) and Γ ≡ (∀f : [N]n → k)(∃Y )(Y
is infinite ∧Ψ(f, Y )).

Fix p and P a set and assume T (P, p). By external induction on n ∈ ω,
we will prove the stronger property that “n-density(T (P, p),Γ) is a largeness
notion”.

Case n = 0. By Proposition 2.7, RCA0+BΣ0
2+T (P, p) proves that ω-largeness(T (P, p))

is a largeness notion.
Case n > 0. Suppose the property to be true at rank n − 1 and fix Y an

infinite set. By the standard compactness argument (see Lemma 1.10), available
within WKL0 + Γ, and by Lemma 3.3, there is a depth d0 such that for every
f : [[0, . . . , d0) ∩ Y ]n → k there exists a Z ⊆ [0, d0) ∩ Y such that Ψ(f, Z) and
Z is (n− 1)-dense(T (P, p),Γ).

Let ℓ = minY . Consider the tree of all ℓ-partition of Y such that no ele-
ments of the partition contains a (n−1)-dense(T (P, p),Γ) set. By the inductive
hypothesis and BΣ0

2, this tree has no infinite branch, so, by WKL0, there is a
depth d1 such that for every partition Z0 ⊔ · · · ⊔ Zℓ−1 = Y ∩ [0, . . . , d1), one of
the Zi is (n− 1)-dense(T (P, p),Γ).

By BΣ0
2 and our assumption that ∀x∃y∀zθ(P ↾z, p, x, y, z), there exists a

bound b such that ∀x < minY ∃y < b∀zθ(P ↾z, p, x, y, z). By the inductive
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hypothesis, there exists some d2 such that Y ∩ [b, b + 1, . . . , d2) is (n − 1)-
dense(T (P, p),Γ).

Finally, take d = max{d0, d1, d2}, the set Y ∩[0, . . . , d−1) is n-dense(T (P, p),Γ)
by definition of d0, d1, d2. We conclude by induction.

We are now ready to prove the general theorem which relates Γ to its corre-
sponding Paris-Harrington-like theory.

Theorem 3.9. WKL0 +BΣ0
2 + Γ is ∀Π0

4 conservative over RCA0 + {n-PHθ(Γ) :
n ∈ ω, θ ∈ Σ0

0}

Proof. Assume RCA0+{n-PHθ(Γ) : n ∈ ω, θ ∈ Σ0
0} ̸⊢ ∀X∀t∃x∀y∃zη(X↾z, t, x, y, z)

with η a Σ0
0 formula. By compactness, completeness and the Löwenheim-Skolem

theorem, there exists some countable model

M = (M,S) |= RCA0 + c-PH¬η(Γ) +{c > n : n ∈ ω}+∀x∃y∀z¬η(P ↾z, p, x, y, z)

where P ∈ S, p ∈M and c is a new constant symbol.
M |= ∀x∃y∀z¬η(P, p, x, y, z)+c-PH¬η(Γ) so there exists a c-dense(T (P, p),Γ)

set X, where T (P, p) ≡ ∀x∃y∀z¬η(P ↾z, p, x, y, z).
By Lemma 3.6, there exists an initial segment I ofM such that (I,Cod(M/I)) |=

WKL0+BΣ0
2+Γ+T (P∩I, p). Therefore WKL0+BΣ0

2+Γ ̸⊢ ∀X∀t∃x∀y∃zη(X↾z, t, x, y, z).

The converse follows from Proposition 3.8.

3.2 Largeness(T ) for RT-like statements

Thanks to Theorem 3.9, our main theorem is reduced to proving n-PHθ(RT2
2)

over RCA0 + BΣ0
2 for every n ∈ ω and every Σ0

0 formula θ. Unfolding the
definitions, given a set P and p, letting T (P, p) ≡ ∀x∃y∀zθ(P ↾z, p, x, y, z), the
goal is to prove over RCA0+BΣ0

2+T (P, p) the existence of n-dense(T (P, p),RT2
2)

sets. However, the notion of n-density is not easy to manipulate. Thanks to
our generalized Parsons theorem for provability over WKL0 +BΣ0

2 + T , one can
handle one application of RT2

2 at a time, but in return the solution has to be
sufficiently large in the sense of ωn-largeness(T ).

Definition 3.10. Fix r, s ∈ ω and an RT-like-Π1
2-statement Γ ≡ (∀f : [N]n →

k)(∃Y )(Y is infinite∧Ψ(f, Y )). A set Z ⊆fin N is said to be ωr · s-large(T,Γ) if
for any f : [Z]n → k, there is an (ωr · s)-large(T ) set Y ⊆ Z such that Ψ(f, Y )
holds.

The following proposition relates density to largeness:

Proposition 3.11. Let Γ be an RT-like statement and T be a Π0
3 formula.

Suppose ωn-largeness(T,Γ) is a largeness notion provably in RCA0 + BΣ0
2 + T

for every n ∈ ω. Then n-density(T,Γ) is a largeness notion provably in RCA0 +
BΣ0

2 + T for every n ∈ ω.
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Proof. Write T ≡ ∀x∃y∀zθ(x, y, z) and Γ ≡ (∀f : [N]n → k)(∃Y )(Y is infinite
∧Ψ(f, Y )).

By Theorem 1.6, for every n ∈ ω, since ωn-largeness(T,Γ) is a largeness
notion provably in RCA0 + BΣ0

2 + T , there exists some ℓn ∈ ω, such that

IΣ0
1 ⊢ ∀X(X is ωℓn -large(T ) and exp-sparse → X is ωn-large(T,Γ))

Consider the following inductively defined sequence: k0 = 1 and kn+1 =
max{2kn, ℓkn

, kn + 1}. We claim that

IΣ0
1 ⊢ ∀X(X is ωkn-large(T ) and exp-sparse → X is n-dense(T,Γ))

By Corollary 2.8, RCA0 +BΣ0
2 +T proves that exp-sparse ωk-largeness(T ) is

a largeness notion for every k ∈ ω, so if the claim is valid then n-density(T,Γ)
is a largeness notion provably in RCA0 + BΣ0

2 + T for every n ∈ ω.

We prove the claim by external induction on n ∈ ω:
Case n = 0, every ω1-large(T ) set is 0-dense(T,Γ)
Case n > 0, assume the property to be true at rank n − 1. Let X be

ωkn -large(T ) and exp-sparse. We need to check that X is n-dense(T,Γ). Since
by Remark 3.5, item (b) follows from (c), then we prove (a), (c) and (d) of
Definition 3.4 :

(a) Since X is ωℓkn−1 -large(T ) and exp-sparse, X is ωkn−1 -large(T,Γ), so for
any f : [X]n → k, there is an (n− 1)-dense(T,Γ) subset Y ⊆ X such that
Ψ(f, Y ) holds.

(c) Since X is ω2kn−1-large(T ) and exp-sparse, by Lemma 2.9, for every col-
oring f : X → minX, there is an ωkn−1 -large(T ) subset Y ⊆ X which is
f -homogeneous. By induction hypothesis, Y is (n− 1)-dense(T,Γ).

(d) Since X is ωkn−1+1-large(T ), there exists X0 < · · · < XminX−1 (n −
1)-dense(T,Γ) subsets ofX that are pairwise T -apart. So ∀x < minX∃y <
minX1∀z < maxX1θ(x, y, z) (since minX ≤ maxX0 and X0 and X1 are
T -apart).

Therefore, X is indeed n-dense(T,Γ). We conclude by induction.

The following theorem is the one which will actually be used in our applica-
tions in Section 5.

Theorem 3.12. Let Γ be an RT-like. If ωn-largeness(T,Γ) is a largeness notion
provably in RCA0 + BΣ0

2 + T for every n ∈ ω and every Π0
3 formula T , then

WKL0 + BΣ0
2 + Γ is a ∀Π0

4-conservative extension of RCA0 + BΣ0
2.

Proof. Fix some n ∈ ω and θ(P ↾z, p, x, y, z) a Σ0
0 formula. Let us show that

RCA0 +BΣ0
2 ⊢ n-PHθ(Γ). Fix a model M = (M,S) |= RCA0 +BΣ0

2, some p, b ∈
M and some set P ∈ S such that M |= ∀x∃y∀zθ(P ↾z, p, x, y, z) holds. Let T (P, p) ≡

18



∀x∃y∀zθ(P ↾z, p, x, y, z). By Proposition 3.11, n-density(T (P, p),Γ) is a large-
ness notion provably in RCA0+BΣ0

2+T (P, p) for every n ∈ ω, thus n-density(T (P, p),Γ)
is a largeness notion in M. Since (b,∞) is an M -infinite set, then there is an
n-dense(T (P, p),Γ) set X ∈ S such that minX > b. So M |= n-PHθ(Γ). Thus,
by Theorem 3.9, WKL0 + Γ is a ∀Π0

4-conservative extension of RCA0 +BΣ0
2.

4 Π1
1 conservation of the grouping principle

The grouping principle was defined by Patey and Yokoyama [25] as a combi-
natorial principle needed for an inductive construction of ωn-large solutions to
the Erdos-Moser theorem. They proved that the grouping principle is Π0

3 con-
servative over RCA0 and that it implies BΣ0

2. In this section, we prove that this
principle is actually Π1

1 conservative over RCA0 + BΣ0
2.

There exist two notions of grouping: a finitary one (FGPn
k ) and an infinitary

one (GPn
k ), the former following from the latter. We first define the infinitary

version.

Definition 4.1 (L-grouping). Let L be a largeness notion and f : [N]n → k a
coloring. A (finite or infinite) sequence of L-large sets F0 < F1 < . . . of length
k ∈ N ∪ {N} is an L-grouping for f if for every H ∈ [k]n, f is monochromatic
on

∏
i∈H Fi.

In particular, for n = 1, F0 < F1 < . . . is an L-grouping if for every i, Fi is
f -homogeneous.

For f⃗ = f0, . . . , fk−1 a finite sequence of colorings of the same arity, we say

that F0 < F1 < . . . is an L-grouping for f⃗ if F0 < F1 < . . . is an L-grouping
for every fi (or, equivalently, if it is an L-grouping for the product coloring
f : x 7→ (f0(x), . . . , fk−1(x)).

Statement (Grouping principle). GPn
k : For every largeness notion L and every

coloring f : [N]n → k, there is an infinite L-grouping.

The remainder of this section is dedicated to the proof of the following
theorem.

Theorem 4.2. WKL0 + GP2
2 is Π1

1-conservative over RCA0 + BΣ0
2.

Following the reverse mathematical practice, GP2
2 can be decomposed into

the cohesiveness principle (COH) and a ∆0
2 version of GP1

2 (∆0
2-GP1

2).

Statement. ∆0
2-GP1

2: For every largeness notion L and every ∆0
2 set A, there

is an infinite L-grouping for A.

An infinite set C ⊆ N is cohesive for an infinite sequence of sets R0, R1, . . .
if for every x ∈ N, C ⊆∗ Rx or C ⊆∗ Rx, where ⊆∗ denotes inclusion up to
finitely many elements.

Statement (Cohesiveness). COH: Every infinite sequence of sets admits an
infinite cohesive set.
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The following decomposition can be considered as folkore:

Lemma 4.3 (Folklore). RCA0 + BΣ0
2 ⊢ COH + ∆0

2-GP1
2 → GP2

2.

Proof. Fix some coloring f : [N]2 → 2 and largeness notion L. By COH, letting
Rx = {y : f(x, y) = 1}, there is an infinite set C which is cohesive for R0, R1, . . .
In particular, limy∈C f(x, y) exists for every x ∈ M . Say C = {c0 < c1 < . . . }.
Let A(x) = limy f(cx, cy). By ∆0

2-GP1
2, there is an infinite L-grouping F0 < F1 <

. . . for A. For every s ∈M , let Gs = {cx : x ∈ Fs}. Then for every s ∈M , either
∀x ∈ Fs limy∈C f(x, y) = 0, or ∀x ∈ Fs limy∈C f(x, y) = 1. Then, using BΣ0

2,
by computably thinning out the sequence, we obtain an M -infinite grouping
for f .

Given a model M = (M,S) |= RCA0 and a set G ⊆ M , we write M[G] for
the model whose first-order part is M and whose second-order part consists of
the ∆0

1-definable sets with parameters in M ∪ {G}. If M ∪ {G} |= IΣ0
1, then

M[G] |= IΣ0
1. By the amalgamation theorem of Yokoyama [28, Theorem 2.2]

and the fact that WKL0 and COH are both Π1
1 conservative over RCA0 + BΣ0

2,
Theorem 4.2 is a direct consequence of the following proposition.

Proposition 4.4. Consider a countable model M = (M,S) |= RCA0 + BΣ0
2

topped by a set Y ∈ S. For every largeness notion L ∈ S and every ∆0
2(Y )-set

A ⊆M , there exists a G ⊆M such that:

• G is an M -infinite L-grouping for A or G is a witness that L is not a
largeness notion (i.e. an M -unbounded set with no M -finite subset in L).

• Y ′ ≥ (Y ⊕G)′

• M[G] |= RCA0 + BΣ0
2.

Proof. Fix a uniform enumeration of all Y -primitive recursive non-empty tree
functionals T0, T1, . . . , that is, for every n ∈M and every X, TX

n is an M-infinite
tree. Let

C = {
⊕
a

Xa : ∀a∀n X⟨a,n⟩ ∈ [TY⊕X0⊕···⊕Xa
n ]}

The class C is Π0
1(Y ) and non-empty. There exists a primitive Y -recursive tree

whose infinite path are the elements of C, so by [9, Corollary I.3.10(3)], there
is a set Q =

⊕
aXa ∈ C such that Y ′ ≥T (Q ⊕ Y )′ and M[Q] |= RCA0 + BΣ0

2.
Let N = (M, {Xa : a ∈ M}). Note that N is an ω-extension of M and that
N |= WKL0 + BΣ0

2. Assume L is a largeness notion within N , otherwise we are
done.

Definition 4.5 (Condition). A condition is a tuple (F⃗ , g⃗) such that F⃗ is a finite
L-grouping for A, and ⟨g0, . . . , gp−1⟩ ∈ N are 2-colorings of M .

Note that every set X ∈ N has a code with respect to Q, that is, some a ∈
M such that X = Xa (where

⊕
Xa = Q). Thus, since ⟨g0, . . . , gp−1⟩ ∈ N ,

a condition (F⃗ , g⃗) can be represented by an integer in M . For simplicity of
notation, we identify a condition with its code.
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Definition 4.6 (Extension). A condition d = (E⃗, h⃗) extends a condition c =

(F⃗ , g⃗) (written d ≤ c) if:

• g⃗ is a subsequence of h⃗

• E⃗ is of the form F⃗ ,H0, . . . ,Hs−1

• H0, . . . ,Hs−1 is an L-grouping for g⃗.

Definition 4.7 (Forcing relation). Let Φe be a Turing functional and c = (F⃗ , g⃗)
a condition:

• c ⊩ ΦY⊕G
e ↓ if ΦY⊕F⃗

e ↓

• c ⊩ ΦY⊕G
e ↑ if Φ

Y⊕(F⃗ ,E⃗)
e ↑ for every finite L-grouping E⃗ for g⃗ such that

max F⃗ < min E⃗.

The relation c ⊩ ΦY⊕G
e ↓ is ∆0

0(Y ) and c ⊩ ΦY⊕G
e ↑ is Π0

1(Y ⊕ g⃗).

Lemma 4.8. Let c = (F⃗ , g⃗) be a condition. For every k ∈M , there exists some

M-finite σ′ ∈ 2k and an extension d = (E⃗, h⃗) ≤ c such that d ⊩ (G⊕Y )′↾k = σ′

(Where d ⊩ (G⊕Y )′↾k = σ′ is the Π0
1(Y ⊕ h⃗) relation meaning that if σ′(e) = 0

then d ⊩ ΦG⊕Y
e ↑ and if σ′(e) = 1 then d ⊩ ΦG⊕Y

e ↓).

Proof. For s < k, let φ(s) be the formula that holds if for every (k− s)-tuple of

colorings f⃗ = f0, . . . , fk−s−1 there exists a set of indexes e0 < · · · < es−1 < k

and a finite L-grouping H⃗ for (g⃗, f⃗) such that max F⃗ < min H⃗ and Φ
Y⊕(F⃗ ,H⃗)
ei ↓

for all i < s. By Lemma 1.10, φ(s) is Σ0
1(Y ⊕ g⃗).

Let V = {s < k : φ(s)}. V is M-finite since N |= IΣ0
1 and V contains 0.

Therefore, one of the following cases holds:

Case 1: k−1 ∈ V . In this case, by considering the coloring induced by A, by
Lemma 1.10, there exists a finite L-grouping H⃗ for (g⃗, A) with max F⃗ < min H⃗

and such that for every index e < k, Φ
Y⊕(F⃗ ,H⃗)
e ↓. In this case, ((F⃗ , H⃗), g⃗) ⊩

(G⊕ Y )′↾k = 11 . . . 11.

Case 2: there is some s < k − 1 with s ∈ V but s + 1 /∈ V . Consider the
following Π0

1(Y ⊕ g⃗) class: C is the class of all (k − s − 1)-tuple of colorings

f⃗ = f0, . . . , fk−s−2 such that for every set of indexes e0 < · · · < es−2 < k and

every finite L-grouping H⃗ for (g⃗, f⃗) satisfying max F⃗ < min H⃗, there exists a

i < s − 1 such that Φ
Y⊕(F⃗ ,H⃗)
ei ↑. Since s + 1 /∈ V , the class C is non-empty.

Moreover, since Y, g⃗ ∈ N |= WKL0, there is some f⃗ ∈ C ∩ N .

Then f⃗ , A is a (k− s)-uple of colorings and since s ∈ V , there exists a set of

indexes e0 < · · · < es−1 < k and a finite L-grouping H⃗ for (g⃗, f⃗ , A) such that

max F⃗ < min H⃗ and Φ
Y⊕(F⃗ ,H⃗)
ei ↓ for all i < s.

Letting d = ((F⃗ , H⃗), (g⃗, f⃗)) and σ′ ∈ 2k the binary encoding of the set
{e0, . . . , es−1}, we have that d extends c and d ⊩ (G⊕ Y )′↾k = σ′: By choice of
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H⃗ and the ei, it is clear that d ⊩ ΦG⊕Y
e ↓ for every e < k such that σ′(e) = 1

and by choice of f⃗ , for every e < k such that σ′(e) = 0 since {e0, . . . , es−1, e}
is of cardinality s+ 1, no extension of d can force ΦG⊕Y

e to halt (and therefore
d ⊩ ΦG⊕Y

e ↑).

Lemma 4.9. Let c = (F⃗ , g⃗) be a condition. For every k ∈ M , there exists an

extension d = (E⃗, g⃗) ≤ c such that max E⃗ > k.

Proof. Consider the Π0
1(Y ⊕ g⃗)-class D of all colorings h such that there is no

L-grouping E⃗ with max E⃗ > k for g⃗, h with E⃗ is of the form F⃗ ,H0, . . . ,Hs−1.
If this class was non-empty, then since Y, g⃗ ∈ N |= WKL0, then there is

an element f ∈ D ∩ N . By RT1, there exists an N -infinite set X homogenous
for g⃗, f such that X ∩ [k, t]N is not L-large for any t > k contradicting our
assumption on the largeness of L within N .

So the class D is empty and in particular does not contain the coloring A.
Therefore, such an extension d exists.

Construction. We will build a decreasing sequence (F⃗s, g⃗s) of conditions

and then take for G the union of the F⃗s. We will also build an increasing
sequence (σ′

s) such that (G⊕ Y )′ will be the union of the σ′
s. Initially, we take

F⃗0 = g⃗′0 = ∅ and σ′
0 = ϵ, and during the construction, we will ensure that we

have |F⃗s|, |⃗gs|, |σ′
s| ≤ s at every stage. Each stage will be either of type R or of

type S. The stage 0 is of type R.
Assume that (F⃗s, g⃗s) and σ′

s are already defined. Let s0 < s be the latest
stage at which we switched the stage type. We have three cases.

Case 1: s is of type R. If there exists some F⃗ and g⃗ such that |⃗g|, |F⃗ | ≤ s

and some σ′ ∈ 2s0 such that (F⃗ , g⃗) ≤ (F⃗s, g⃗s), and (F⃗ , g⃗) ⊩ (G ⊕ Y )′↾s0 = σ′,

then let F⃗s+1 = F⃗ , g⃗s+1 = g⃗, σ′
s+1 = σ′ and let s+ 1 be of type S. Otherwise,

the elements are left unchanged and we go to the next stage.
Case 2: s is of type S. If there exists some F⃗ and g⃗ such that |⃗g|, |F⃗ | ≤ s,

max F⃗ > s0 and (F⃗ , g⃗) ≤ (F⃗s, g⃗s), then let F⃗s+1 = F⃗ and g⃗s+1 = g⃗ and let s+ 1
be of type R. Otherwise, the elements are left unchanged and we go to the next
stage.

This completes the construction.

Verification. Since the size of F⃗s, g⃗s and σ′
s are bounded by s, there is a

∆0
1(Y ′ ⊕ Q)-formula ϕ(s) stating that the construction can be pursued up to

stage s. Our construction implies that the set {s|ϕ(s)} is a cut, so by I∆0
1(Y ′⊕Q)

(which follows from BΣ0
2 in M[Q]), the construction can be pursued at every

stage.
Let G =

⋃
s∈M σs. By Lemma 4.8 and Lemma 4.9, each type of stage

changes M-infinitely often. Thus, {|σ′
s| : s ∈ M} is M-unbounded, so (Y ⊕

Q)′ ≥T (G ⊕ Y )′. Since Y ′ ≥T (Y ⊕ Q′), then Y ′ ≥T (G ⊕ Y )′. In particular,
M[G] |= RCA0 + BΣ0

2 and G is M -infinite and is therefore an M -infinite L-
grouping for A.
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We are now ready to prove the main theorem of this section, namely, that the
grouping principle is Π1

1 conservative over RCA0 + BΣ0
2. It can be alternatively

proved by showing that ∆0
2-GP1

2 and COH both are Π1
1-conservative over RCA0+

BΣ0
2, and using the amalgamation theorem of Yokoyama [28, Theorem 2.2].

However, we give a direct argument for the sake of simplicity:

Proof of Theorem 4.2. Assume RCA0+BΣ0
2 ̸⊢ ∀Xϕ(X) for ϕ arithmetical. Then,

by completeness and the Löwenheim-Skolem theorem, there exists a model
M = (M,S) |= RCA0 + BΣ0

2 + ¬ϕ(A) for an A ∈ S. We can furthermore
assume that M is topped by A.

By Proposition 4.4 and Chong, Slaman and Yang [4, Theorem 3.2], we can
build the following sequence of countable topped model of RCA0 + BΣ0

2: M0 =
M ⊆ M1 ⊆ M2 ⊆ . . . satisfying that

(1) for every i, every largeness notion L ∈ Mi and every set A that is ∆0
2 in

Mi, there is either a j such that L is no longer a largeness notion in Mj ,
or a set G ∈ Mj such that G is an M -infinite L-grouping for A.

(2) for every i, every uniform sequence of sets R⃗ ∈ Mi, there is some j and

an M -infinite R⃗-cohesive set C ∈ Mj .

Let M′ =
⋃

n∈ω Mn. Clearly, M′ |= RCA0 +BΣ0
2 +COH+∆0

2-GP1
2 +¬ϕ(A).

By Lemma 4.3, M′ |= GP2
2. Therefore, GP2

2 is Π1
1-conservative over RCA0 +

BΣ0
2.

Remark 4.10. The above construction shows that RCA0 +BΣ0
2 proves the ≪2-

basis theorem for ∆0
2-GP1

2 (in the sense of [6]), and thus GP2
2 also admits ≪2-

basis theorem within RCA0 + BΣ0
2. This implies that the above Π1

1-conservation
theorem admits poly-time proof transformation. In general, an upcoming result
by Ikari and Yokoyama (see [12, 13]) shows that any RT-like principle provable
from WKL0 +RT2

2 admits poly-time proof transformation if it is Π1
1-conservative

over RCA0 + BΣ0
2.

4.1 Finite grouping principle with T -apartness

Thanks to the generalized Parsons theorem, we can turn Π1
1 conservation of the

grouping principle into a quantitative finitary version based on ωn-largeness(T ).

Definition 4.11 (Finite grouping principle for T ). Let L0,L1 be largeness
notions and f : [X]n → k a coloring. A finite sequence of L0-large sets
F0 < F1 < · · · < Fk−1 is an (L0,L1)-grouping(T ) for f if:

• for any H ⊆fin N, if H ∩ Fi ̸= ∅ for every i < k, then H ∈ L1, and,

• for every H ∈ [k]n, f is monochromatic on
∏

i∈H Fi

• for every i < j < k − 1, Fi and Fj are T -apart.
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Let (L0,L1)-FGPn
k (T ) be the statement that for any infinite set X ⊆ N, there

exists some finite set Y ⊆ X such that for any coloring f : [Y ]n → k, there exists
an (L0,L1)-grouping(T ) for f .

Recall that p and P are the first-order and second-order parameters appear-
ing in the formula T .

Proposition 4.12. Let L0 and L1 be ∆p,P
0 -definable largeness notions provably

in RCA0 + BΣ0
2 + T . Then RCA0 + BΣ0

2 + T proves (L0,L1)-FGP2
2(T ).

Proof. ∀p∀P (T → (L0,L1)-FGP2
2(T )) is a Π1

1 statement. So by Π1
1 conservation

of WKL0 + GP2
2 over RCA0 + BΣ0

2, it is sufficient to prove the result using
WKL0 + BΣ0

2 + T + GP2
2.

By GP2
2, for any infinite set X and for any coloring f : [X]2 → 2 there exists

an infinite L0-grouping for f . By BΣ0
2 + T , we can furthermore assume the

blocks of these groupings to be T -apart.
For each of these grouping Y0 < Y1 < . . . , we can consider the following

finitely branching tree S of finite sequences σ such that σ(i) ∈ Yi for all i < |σ|
and such that the finite set {σ(i)|i < |σ|} is not L1-large. Since L1 is a largeness
notion, the tree S has no infinite branch, and therefore by WKL0, there is some
bound n on the depth of the tree. So Y0 < Y1 < · · · < Yn−1 is an (L0,L1)-
grouping(T ) for the corresponding coloring.

And again by WKL0, there exists some finite set Y ⊆ X such that for any
coloring f : [Y ]2 → 2 there exists an (L0,L1)-grouping(T ) for f .

So WKL0+BΣ0
2+T+GP2

2 ⊢ (L0,L1)-FGP2
2(T ) and therefore RCA0+BΣ0

2+T ⊢
(L0,L1)-FGP2

2(T ).

We will use the finite grouping principle with T -apartness under the following
form. Note that in the following proposition, the integer n might depend not
only on k and ℓ, but also on T . However, by adapting the direct combinatorial
proof of Ko lodziejczyk and Yokoyama [18, Section 2.1] of the finitary grouping
principle with explicit bounds, one obtains a bound which does not depend on T
(see Remark 4.14).

Proposition 4.13. For any k, ℓ ∈ ω, there exists n ∈ ω such that IΣ0
1 proves

that ∀Z ⊆fin N, if Z is ωn-large(T ) and exp-sparse then

∀f : [Z]2 → 2, there exists an (ωk-large(T ),ωℓ-large(T ))-grouping(T ) for f

Proof. Using Theorem 1.6, it is sufficient to show that WKL0 +BΣ0
2 + T proves

that ∀X if X is infinite then

∃Y ⊆ X∀f : [Y ]2 → 2, there exists an (ωk-large(T ),ωℓ-large(T ))-grouping(T ) for f

Which we have by Proposition 4.12 (And by Proposition 2.7, ωk-largeness(T )
and ωℓ-largeness(T ) are largeness notions provably in RCA0 + BΣ0

2 + T ).

Remark 4.14. The proof of Proposition 4.13 involves a generalized Parsons
theorem (Theorem 1.6) which does not provide explicit bounds for the existence
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of a grouping. Ko lodziejczyk and Yokoyama [18, Section 2.1] gave a direct com-
binatorial proof of the finitary grouping principle, with explicit bounds.

Largeness(T ) shares many combinatorial features with the standard notion of
largeness. However, there are some differences, which impact the explicit bounds
of the pigeonhole lemma for largeness(T ) (Lemma 2.9). Indeed, to obtain an
ωn-large(T ) set after an application of RT1, one starts with an ω2n-large(T ) set,
while an ωn+1-large set is sufficient in the case of standard largeness.

Propagating this difference to the proof of Ko lodziejczyk and Yokoyama [18,
Section 2.1], one obtain (with exp-sparsity) ω2n-largeness(T ) for [18, Lemma
2.5], hence ω4n+1-largeness(T ) for [18, Lemma 2.6], ω16n+5-largeness(T ) for

[18, Lemma 2.7] and ω16k×(n+1)-largeness(T ) for [18, Theorem 2.4].
For f : X → 2 a coloring of singletons, the existence of an (ωn, 2)-grouping(T )

for g : (x, y) 7→ f(x) yields an ωn-large(T ) f -homogeneous subset of X (by tak-
ing the first block of the grouping). We shall see in Section 7 that for all n ∈ ω
there exists some Π0

3-formula T and some ω2n−1-large(T ) set X such that X
is not ωn-large(T,RT1

2), therefore the bound obtained for the existence of an
(ωn-large(T ),ωk-large(T ))-grouping(T ) is tight in the sense that it is not possi-
ble to obtain one with X ωn+h(k)-large(T ) for some h : ω → ω as in [18].

5 Applications to RT-like theorems

In this section, we apply the framework developed in Section 3 to prove that
the Erdős-Moser theorem, the Ascending Descending Sequence principle and
Ramsey’s theorem for pairs are ∀Π0

4 conservative over RCA0 + BΣ0
2.

5.1 ∀Π0
4 conservation of EM

As explained in Section 1.2, RT2
2 can be decomposed into two combinatori-

ally simpler statements, namely, ADS and EM. Thanks to the amalgama-
tion theorem (Theorem 1.9), since RCA0 + ADS is a Π1

1 conservative extension
of RCA0 +BΣ0

2, the heart of the main question lies in the first-order part of EM.
As in Proposition 4.13, the bound kn depends on n, but also on T by default.

However, the alternative combinatorial proof yields explicit bounds which do not
depend on T (see Remark 5.2).

Proposition 5.1. For any n ∈ ω, there exists some kn ∈ ω such that IΣ0
1 proves

that ∀X ⊆fin N if X is ωkn-large(T ) and exp-sparse then X is ωn-large(T,EM).

Proof. By external induction on n:
Case n = 0: Any ω0-large(T ) set is ω0-large(T,EM). Thus, take k0 = 0.
Case n > 0, assume the property to be true at rank n − 1. By Proposi-

tion 4.13, there is some kn ∈ ω such that if X is ωkn -large(T ) and exp-sparse,
then

∀f : [X]2 → 2, there exists an (ωkn−1-large(T ),ω6-large)-grouping(T ) for f
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Note that ω6-largeness is not ω6-largeness(T ) in the grouping above, but any
ω6-large(T ) set is also ω6-large.

We need to check that X is ωn-large(T,EM). Let f : [X]2 → 2 be an
instance of EM. There exists an (ωkn−1-large(T ),ω6-large)-grouping(T ) X0 <
X1 < · · · < Xℓ−1 for f .

By the inductive hypothesis, each block Xi is ωn−1-large(T,EM), so for each
i < ℓ there exists Yi ⊆ Xi which is ωn−1-large(T ) and transitive for f . By
definition of a grouping, f induces a tournament on the pairs of blocks and
{minYi : i < ℓ} is ω6-large and therefore ω-large(EM) by Ketonen and Solovay
(see Theorem 2.3).

Therefore, there is a subset I ⊆ {0, . . . , l − 1} such that f is transitive on
{minYi : i ∈ I} which is ω-large. The set Y =

⋃
i∈I Yi is f -transitive and

ωn-large(T ). We conclude by induction.

Remark 5.2. One can propagate the explicit bounds of the grouping principle
computed in Remark 4.14 to obtain an explicit bound for Proposition 5.1: if X
is ω(166+1)n-large(T ), then it is ωn-large(T,EM).

Note that we obtain an exponential upper bound for largeness(T,EM) while
the upper bound for regular largeness(EM) is polynomial. Since the bounds on
the grouping principle are tight, one would need to get rid of the applications of
the grouping principle to obtain a better upper bound, which seems unlikely.

Theorem 5.3. WKL0 + EM is ∀Π0
4-conservative over RCA0 + BΣ0

2.

Proof. By Proposition 5.1, and Corollary 2.8, for all n ∈ ω and T a Π0
3-formula,

RCA0 + BΣ0
2 + T proves that ωn-largeness(T,EM) is a largeness notion. So by

Theorem 3.12, EM is a ∀Π0
4-conservative extension of RCA0 + BΣ0

2.

We are now ready to prove the main theorem of this article:

Theorem 1.4. WKL0 + RT2
2 is ∀Π0

4-conservative over RCA0 + BΣ0
2.

Proof. Since ADS is Π1
1-conservative over RCA0 + BΣ0

2, it is in particular ∀Π0
4-

conservative. By the amalgamation theorem (Theorem 1.9) and the fact that
RCA0 ⊢ RT2

2 ↔ ADS + EM (see Bovykin and Weiermann [1]), remains to show
that WKL0+EM is also ∀Π0

4-conservative over RCA0+BΣ0
2, which is Theorem 5.3.

5.2 ∀Π0
4 conservation of RT2

2

In this section, we give an inductive proof in RCA0+BΣ0
2+T that ωn-largeness(T,RT2

2)
is a largeness notion. We start with a technical lemma.

Lemma 5.4. Fix n, k ∈ ω with n ≥ 2, and suppose that IΣ0
1 proves that ev-

ery ωk-large(T ) set is ωn−1-large(T,RT2
2). Then there is some ℓ ∈ ω such that

IΣ0
1 proves if X is ωℓ-large(T ), then for every coloring f : [X]2 → 2 one of the

following holds:

(1) There exists an ωn-large(T ) f -homogeneous set Y ⊆ X
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(2) There exists ωn−1-large(T ) sets Y0, Y1 ⊆ X such that Yc is f -homogeneous
for color c for each c < 2.

Proof. By Proposition 4.13, there is some ℓ ∈ ω such that IΣ0
1 proves if X is ωℓ-

large(T ), then for every f : [X]2 → 2, there is an (ωk-large(T ),ω2·k-large(T ))-
grouping(T ) for f . Let X0 < X1 < · · · < Xs−1 be this grouping for such an
f .

By assumption, each Xi is ωn−1-large(T,RT2
2), so for each i < s, there exists

some ωn−1-large(T ) set Zi ⊆ Xi which is f -homogeneous for some color ci < 2.
Since {minZi : i < s} is (ω2·k)-large(T ) (by definition of a grouping), by

Lemma 2.9, there exists some color c < 2 such that {minZi : i < s ∧ ci = c} is
ωk-large(T ). Let I = {i < s : ci = c}.

The coloring f induces a coloring on {minZi : i ∈ I} which is ωk-large(T ),
so there is a subset I ′ ⊆ I such that {minZi : i ∈ I ′} is ωn−1-large(T ) and
f -homogeneous for some color d. We have two cases:

• If c = d, then, since n ≥ 2, {minZi : i ∈ I ′} is ω1-large(T ). In par-
ticular, card I ′ > minZi, and the sets (Zi)i∈I′ are pairwise θ-apart and
ωn−1-large(T ), so Y =

⋃
i∈I′ Zi is f -homogeneous and ωn-large(T ). We

are in case (1).

• If c ̸= d, then, let Yc = Zmin I and Yd = {minZi : i ∈ I ′}. Both of these
sets are ωn−1-large(T ) and f -homogeneous for a different color. We are
in case (2).

This completes the proof of Lemma 5.4.

Proposition 5.5. For any n ∈ ω, there exists some kn ∈ ω such that IΣ0
1

proves that, for every X ⊆ N, if X is ωkn-large(T ) and exp-sparse then X is
ωn-large(T,RT2

2).

Proof. By external induction on n:
Case n = 0, take k0 = 0, as a set is ω0-large(T ) iff it is non-empty, and any

singleton element is homogeneous for any coloring.

Case n = 1, by Proposition 4.13, there is some k1 ∈ ω such that if X is
ωk1 -large(T ) and exp-sparse, then

∀f : [X]2 → 2, there exists an (ω0-large,ω6-large)-grouping(T ) for f

We need to check that such an X is ω1-large(T,RT2
2). Let f : [X]2 → 2 be a

coloring. Let X0 < X1 < · · · < Xs−1 be an (ω0-large,ω6-large)-grouping(T ) for
f . Every Xi is ω0-large and therefore contains an element xi. By definition of a
grouping(T ), the family {xi : i < s} is ω6-large and all the xi’s are T -apart. By
Theorem 2.3, there is a subset I ⊆ {0, . . . , s−1} such that {xi : i ∈ I} is ω-large
(and therefore ω-large(T ) since the xi’s are T -apart) and f -homogeneous.
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Case n > 1, assume the property to be true at rank n− 1. Define ℓn so that
Lemma 5.4 holds for n and kn−1. By Proposition 4.13, there is some kn ∈ ω
such that if X is ωkn -large(T ) and exp-sparse, then

∀f : [X]2 → 2, there exists an (ωℓn -large(T ),ω6-large)-grouping(T ) for f

We need to check that such an X is ωn-large(T,RT2
2). Let f : [X]2 → 2 be a

coloring. LetX0 < X1 < · · · < Xs−1 be an (ωℓn-large(T ),ω6-large)-grouping(T )
for f . If for some i < s, there is an ωn-large(T ) f -homogeneous subset Y ⊆ Xi,
then we are done. Thus, since each Xi is ωℓn -large(T ), by Lemma 5.4 there
exists some ωn−1-large(T ) subsets Y0,i and Y1,i of Xi that are f -homogeneous
for the color 0 and 1, respectively.

The coloring f induces a coloring on the ω6-large set {maxXi : i < s}, so
by Theorem 2.3, there is a subset I ⊆ {0, . . . , s− 1} such that {maxXi : i ∈ I}
is ω-large and f -homogeneous for some color c. In particular, {minYc,i : i ∈
I} is f -homogeneous for color c and ω-large. Since {minYc,i : i ∈ I} is ω-
large, card I > minYc,i. Furthermore, the sets (Yc,i)i∈I are ωn−1-large(T ),
f -homogeneous for color c and pairwise θ-apart, so

⋃
i∈I Yc,i is ωn-large(T ) and

f -homogeneous. This completes the proof of Proposition 5.5.

Corollary 5.6. Let xy denotes the tetration of x and y. Then, for every n ∈ ω,

IΣ0
1 proves that, for every X ⊆fin N, if X is ω

(n+1)16-large(T ), then it is ωn-
large(RT2

2, T ).

Proof. The proof of Proposition 5.5 combined with the bounds for the grouping
principle obtained in [20, Remark 4.14] yield the following bounds: for (kn)n∈ω

defined inductively by k0 = 0, k1 = 166 and kn+1 = 166(162kn(kn + 1)) for
n > 1, IΣ0

1 proves that every ωkn -large(T ) set is ωn-large(RT2
2, T ).

We can then prove by induction on n ∈ ω that 3kn + 7 ≤ (n+1)16 for every
n ∈ ω, hence that kn ≤ (n+1)16, which implies the statement of this corollary.
The result holds for n = 0 and n = 1, and, assuming that it holds for some
n > 0, we have:

3kn+1 + 7 = 3 · 166(162kn(kn + 1)) + 7 < 163kn+7 ≤ (n+2)16

This completes the proof of Corollary 5.6.

6 A conservation theorem over IΣ0
1

Since BΣ0
2 is a ∀Π0

4 statement which is strictly stronger than IΣ0
1, then BΣ0

2

(and a fortiori RT2
2) is not a ∀Π0

4 conservative extension of IΣ0
1. However, in

this section, we shall give two proofs that it is the case for a particular kind
of ∀Π0

4 formulas. The first proof uses the techniques developed in this article,
while the second is based on the fact that every countable model of IΣ0

n admits
a Σ0

n+1-elementary cofinal extension which is a model of BΣ0
n+1.
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Definition 6.1. A formula is weakly ∀Π0
4 if it is of the form

∀P∀p∃x∀y∃x′ < x∀y′ < y∃zθ(P ↾z, p, x′, y′, z)

where θ is a Σ0
0 formula.

Intuitively, weakly ∀Π0
4 formulas are ∀Π0

4 formulas for which the applications
of BΣ0

2 are “hardcoded” in the syntax of the formula.

Proposition 6.2. Over RCA0 + BΣ0
2, every ∀Π0

4 formula is equivalent to a
weakly ∀Π0

4 formula.

Proof. Let S = ∀P∀p∃x∀y∃zθ(P ↾z, p, x, y, z) be a ∀Π0
4 formula, where θ is Σ0

0.
Let S′ = ∀P∀p∃x∀y∃x′ < x∀y′ < y∃zθ(P ↾z, p, x′, y′, z) be its corresponding
weakly ∀Π0

4 formula. RCA0 ⊢ S → S′. We now prove that RCA0 + BΣ0
2 ⊢

S′ → S. Fix some P and some p. By S′, there is some x such that ∀y∃x′ <
x∀y′ < y∃zθ(P ↾z, p, x′, y′, z). Let f : N → x be defined by f(y) = x′ such
that ∀y′ < y∃zθ(P ↾z, p, x′, y′, z). By RT1, which is equivalent to BΣ0

2, there
is some infinite f -homogeneous set H for some color x′ < x. We claim that
∀y′∃zθ(P ↾z, p, x′, y′, z). Indeed, given y′, there is some y > y′ such that y ∈ H.
Since f(y) = x′, then by definition of f , ∃zθ(P ↾z, p, x′, y′, z). This completes
the proof.

For the remainder of this section, fix a Σ0
0-formula θ(x, y, z) (with parame-

ters) and let T ≡ ∀x∃y∀x′ < x∃y′ < y∀zθ(x′, y′, z).

Proposition 6.3. For every n ∈ ω, RCA0 + T proves that for every k ≥ 1,
ωn · k-largeness(T ) is a largeness notion.

Proof. Exactly the proof of Proposition 2.7, but the new form of T removes the
use of BΣ0

2.

Proposition 6.4. If WKL0 + BΣ0
2 ⊢ ¬T , then IΣ0

1 ⊢ ¬T .

Proof. Assume WKL0+BΣ0
2 ⊢ ¬T . Then WKL0+BΣ0

2+T ⊢ ⊥. By Theorem 1.6
with ψ ≡ ⊥, there is some n ∈ ω such that IΣ0

1 proves ∀x∀Z ⊆fin (x,∞)

Z is ωn-large(T ) and exp-sparse → ⊥

Hence IΣ0
1 proves that exp-sparse ωn-largeness(T ) is not a largeness notion,

therefore, by Proposition 6.3, RCA0 + T ⊢ ⊥. By Π1
1 conservation of RCA0 over

IΣ0
1 (see Friedman [7]), IΣ0

1 ⊢ ¬T .

Proposition 6.5. WKL0 +BΣ0
2 is conservative over IΣ0

1 for weakly ∀Π0
4 formu-

las.

First proof of Proposition 6.5. Fix a Σ0
0-formula ζ(P ↾z, p, x, y, z), and let T (P, p) ≡

∀x∃y∀x′ < x∃y′ < y∀z¬ζ(P ↾z, p, x
′, y′, z). Suppose IΣ0

1 ̸⊢ ∀P∀p¬T (P, p). Then
there is a model M = (M,S) |= IΣ0

1∧T (P, p) for some P ∈ S and p ∈M . Enrich
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the language with a constant symbol for P and p. In particular, IΣ0
1 ̸⊢ ¬T (P, p),

so by Proposition 6.4, WKL0 +BΣ0
2 ̸⊢ ¬T (P, p). It follows that there is a model

N = (N,R) |= WKL0+BΣ0
2∧T (P, p), hence N |= WKL0+BΣ0

2∧¬∀P∀p¬T (P, p),
thus WKL0 + BΣ0

2 ̸⊢ ∀P∀p¬T (P, p).

We now give an alternative and more traditional proof of Proposition 6.5
using the notion of cofinal Σ0

n-elementary extension.

Definition 6.6. A model N is a cofinal extension of M ⊆ N (written M ⊆cf

N ) if for every x ∈ N , there is some y ∈ M such that x ≤ y. We write
M ⪯n,cf N if N is a cofinal Σ0

n-elementary extension of M.

The following theorem first appeared in Paris [23], and was independently
discovered by Harvey Friedman.

Theorem 6.7 (Paris [23] ; Friedman). Let n ∈ ω and M |= IΣ0
n. Then there is

N ⪰n+1,cf M that satisfies BΣ0
n+1.

We are now ready to give an alternative proof of Proposition 6.5.

Second proof of Proposition 6.5. Fix a Σ0
0-formula ζ(P ↾z, p, x, y, z), and let

T (P, p) ≡ ∀x∃y∀x′ < x∃y′ < y∀z¬ζ(P ↾z, p, x
′, y′, z)

Suppose IΣ0
1 ̸⊢ ∀P∀p¬T (P, p). Then there is a model M = (M,S) |= IΣ0

1 ∧
T (P, p) for some P ∈ S and p ∈ M . Enrich the language with a constant
symbol for P and p. By Theorem 6.7, there exists a model N = (N,U) ⪰2,cf M
of BΣ0

2.
We claim that N |= T (P, p). Fix some x ∈ N . By cofinality, let x1 ∈ M

be such that x ≤ x1. Since M |= T (P, p), there is some y1 ∈ M such that
M |= ∀x′ < x1∃y′ < y1∀z¬ζ(P ↾z, p, x

′, y′, z). Since M |= IΣ0
1, the previous

formula is equivalent to a Π0
1 formula, so since N is a Σ0

2-elementary extension
of M, N |= ∀x′ < x1∃y′ < y1∀z¬ζ(P ↾z, p, x

′, y′, z). In particular, N |= ∃y∀x′ <
x1∃y′ < y∀z¬ζ(P ↾z, p, x

′, y′, z), and this for every x ∈ N . Thus N |= T (P, p).
It follows that BΣ0

2 ⊬ ∀P∀p¬T (P, p).
Last, By Hájek [8], WKL0 + BΣ0

2 is a Π1
1 conservative extension of BΣ0

2, so
WKL0 + BΣ0

2 ̸⊢ ∀P∀p¬T (P, p).

Corollary 6.8. WKL0 + RT2
2 is weakly ∀Π0

4 conservative over IΣ0
1.

Proof. Immediate from the combination of Theorem 1.4 and Proposition 6.5.

7 Lower bounds for largeness(T )

The proof structure of the Π0
4 conservation theorem for Ramsey’s theorem for

pairs and two colors followed closely the one of Patey and Yokoyama [25]. In
particular, the generalized Parsons theorem for WKL0 +BΣ0

2 +T (Theorem 1.6)
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is used together with the Π1
1 conservation of the grouping principle, to obtain

a finitary version in terms of largeness(T ) without explicit bounds (Proposi-
tion 4.13). Ko lodziejczyk and Yokoyama [18, Theorem 2.4] computed explicit
bounds to the finite grouping principle in terms of largeness, by iterating a
pigeonhole lemma [18, Lemma 2.2].

The remainder of this section is devoted to the proof that the new bound of
Lemma 2.9 for the pigeonhole principle is optimal.

Definition 7.1. An ωn-decomposition of an ωn-large set X is a finite sequence
of ωn−1-large subsets X0 < · · · < Xa of X \ minX for some a ≥ minX − 1. A
finite set X is minimal for ωn-largeness if it is ωn-large and for every x ∈ X,
X \ {x} is not ωn-large.

Note that by regularity of largeness, for every x, n ∈ N, there is some y > x
such that [x, y] is minimal for ωn-largeness.

Lemma 7.2. Fix n > 0. Let X be minimal for ωn-largeness. Then it admits a
unique ωn-decomposition X0 < · · · < Xa. Moreover, a = minX − 1, {minX} ∪
X0 ∪ . . . Xa = X and for every i < a, Xi is minimal for ωn−1-largeness.

Proof. Let X be minimal for ωn-largeness for some n > 0. Let X0 < · · · < Xa

be an ωn-decomposition of X.
First, we claim that a = minX − 1. Indeed, if a > minX − 1, then X \Xa

would be ωn-large, contradicting minimality of X for ωn-largeness.
Second, we claim that Xi is minimal for ωn−1-largeness. Suppose not.

Let x ∈ Xi be such that Xi \ {x} is ωn−1-large. Then X \ {x} would be
ωn-large, again contradicting minimality of X for ωn-largeness.

Third, let us prove that {minX} ∪ X0 ∪ . . . Xa = X. Suppose there is
some x ∈ X \ ({minX} ∪ X0 ∪ . . . Xa). Then once again, X \ {x} would be
ωn-large.

Last, assume there is another ωn-decomposition Y0 < · · · < Ya of X. Then,
by induction over i ≤ a, we prove that Xi = Yi. Indeed, assuming that Xj = Yj
for every j < i, since X = {minX} ∪X0 ∪ · · · ∪Xa = {minX} ∪ Y0 ∪ · · · ∪ Ya,
then either Xi ⊆ Yi, or Yi ⊆ Xi. By minimality of Xi and Yi for ωn−1-largeness,
Xi = Yi. This completes the proof of Lemma 7.2.

The previous lemma justifies the following definition:

Definition 7.3. Fix a set X which is minimal for ωn-largeness. The canon-
ical n-block of X is X itself. For c < n, the canonical c-blocks of X are the
canonical c-blocks of the sets Xi, where X0 < · · · < XminX−1 is the unique
ωn-decomposition of X.

Definition 7.4. Let X minimal for ωn-largeness for some n ≥ 1. The 0-
blockfree subset of X is the set X minus all the elements belonging to a canonical
0-block of X.

Lemma 7.5. Let X minimal for ωn-largeness for some n ≥ 1. Its 0-blockfree
subset is a minimal ωn−1-large subset of X.
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Proof. Proceed by induction on n:
Case n = 1: Let X be ω1-large, then its 0-blockfree subset is equal to

{minX} which is minimal ω0-large.
Case n ≥ 2: Assume the property to be true at rank n − 1, let X0 < · · · <

XminX−1 be the canonical ωn-decomposition of X into ωn−1-large sets. Let
X ′

i be the 0-blockfree subset of Xi for every i < minX. By the inductive
hypothesis, every X ′

i is a minimal ωn−2-large subset of Xi, therefore the 0-
blockfree subset X ′ of X is ωn−1-large and X ′

0 < · · · < X ′
minX−1 is the canonical

ωn−1-decomposition of X ′ into ωn−2-large sets.

Definition 7.6. Let X be minimal for ωn-largeness. Consider ϕX(x, y, c) a Σ0

formula that is true if and only if x and y are in the same canonical c-block of
X for c ≤ n.

Let θX(x, y, z) be the following Σ0 formula:

(x ∈ X ∧ z ∈ X ∧ z ≥ y) → ∃c ≤ n, (ϕX(y, z, c) ∧ ¬ϕX(x, y, c) ∧ y > x ∧ y ∈ X)

Let TX be the formula ∀x∃y∀zθX(x, y, z).

All of these formulas are Σ0, since there are only finitely many elements of
X to consider. Note that n is uniquely determined by X : it is the largest
integer less or equal to maxX such that X is ωn-large. Being ωn-large is a Σ0

predicate in X and n, so the formula ϕX is Σ0 uniformly in X.

Lemma 7.7. Let X be minimal for ωn-largeness for some n ≥ 1. For every sub-
sets A < B of X, A and B are TX-apart if and only if θX(maxA,minB,maxB)
holds.

Proof. If A and B are TX -apart, then there exists some y ≤ minB such that
θX(maxA, y,maxB). Since maxA ∈ X, maxB ∈ X and maxB ≥ y, unfolding
the definition of θX yield y ∈ X, y > maxA and there exists some c ≤ n such
that ϕX(y,maxB, c) and ¬ϕX(maxA, y, c) holds. Since minB ∈ [y,maxB]
and minB ∈ X, ϕX(minB,maxB, c) also holds, and since y ∈ [maxA,minB],
¬ϕX(maxA,minB, c) holds. So θX(maxA,minB,maxB) holds.

Conversely, if θX(maxA,minB,maxB) holds: since maxA ∈ X, maxB ∈
X and maxB ≥ minB, there exists some c ≤ n such that ϕX(minB,maxB, c)
and ¬ϕX(maxA,minB, c) holds. To show that A and B are TX -apart, it is suf-
ficient to show that θX(x,minB, z) holds for every x ≤ maxA and z ≤ maxB.
If x /∈ X or z /∈ X or z < minB then θX(x,minB, z) holds, so assume x ∈ X
and z ∈ X and minB ≤ z. Since x ≤ maxA and ¬ϕX(maxA,minB, c) holds,
then ¬ϕX(x,minB, c) holds and since z ≤ maxB and ϕX(minB,maxB, c)
holds, then ϕX(minB, z, c) holds. Therefore, ∀x ≤ maxA∃y ≤ minB∀z ≤
maxA θX(x, y, z) holds. This completes the proof of Lemma 7.7.

Lemma 7.8. Let X be minimal for ωn-largeness for some n ≥ 1. Let Y be
a canonical c-block of X for some c ≤ n. Then θX and θY are equivalent for
elements of Y .
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Proof. Let x, y ∈ Y . Then for every d ≤ c, ϕX(x, y, d) holds if and only if
ϕY (x, y, d) holds as the canonical d-block of Y are exactly the canonical d-block
of X contained in Y .

Let x, y, z ∈ Y , if z < y then θX(x, y, z) and θY (x, y, z) hold. So assume y ≤
z, θX(x, y, z) holds if and only if there exists some d ≤ n such that ϕX(y, z, d)
and ¬ϕX(x, y, d) and y > x. Since ϕX(x, y, c) holds (as Y is a canonical c-block)
then d < c. So θX(x, y, z) holds if and only if ϕY (y, z, d) and ¬ϕY (x, y, d) and
y > x which is equivalent to θY (x, y, z). This completes the proof of Lemma 7.8.

Combining Lemma 7.7 and Lemma 7.8 yield the following corollaries:

Corollary 7.9. Let X be minimal for ωn-largeness for some n ≥ 1 and Y a
canonical c-block of X for some c ≤ n.

1. Two subsets A < B of Y are TY -apart, if and only if they are TX-apart.

2. For k ≤ c, the ωk-large(TY ) subsets of Y are exactly the ωk-large(TX)
subsets of Y .

Lemma 7.10. Let X be minimal for ωn-largeness for some n ≥ 1. Let X ′ be
the 0-blockfree subset of X. Then θX and θX′ are equivalent for elements of X ′.

Proof. Let x, y ∈ X ′. Then for every 1 ≤ c ≤ n, ϕX(x, y, c) holds if and only
if ϕX′(x, y, c − 1) holds, as the canonical (c − 1)-blocks of X ′ are exactly the
canonical c-block of X minus the elements belonging to a canonical 0-block.

Let x, y, z ∈ X ′, if z < y then θX(x, y, z) and θX′(x, y, z) hold. So as-
sume y ≤ z, θX(x, y, z) holds if and only if there exists some c ≤ n such
that ϕX(y, z, c) and ¬ϕX(x, y, c) and y > x. Since x, y ∈ X ′, c cannot be
equal to 0. So θX(x, y, z) holds if and only if y > x and ϕX′(y, z, c − 1) and
¬ϕX′(x, y, c − 1) holds, which is equivalent to θX′(x, y, z). This completes the
proof of Lemma 7.10.

Combining Lemma 7.7 and Lemma 7.10 yield the following corollaries:

Corollary 7.11. Let X be minimal for ωn-largeness for some n ≥ 1 and X ′ be
its 0-blockfree subset.

1. Two subsets A < B of X ′ are TX′-apart, if and only if they are TX-apart.

2. For k ≤ n−1, the ωk-large(TX′) subsets of X ′ are exactly the ωk-large(TX)
subsets of X ′.

Lemma 7.12. Let X be minimal for ωn-largeness for some n ≥ 1. Then X is
ωn-large(TX).

Proof. For this, it suffices to prove that for every a < n, any two canonical
a-blocks Y < Z of X are TX -apart. Let Y < Z be two such blocks. Then
ϕX(minZ,maxZ, a) holds since minZ and maxZ belong to the same a-block,
and ϕX(maxY,minZ, a) does not hold since maxY is not in Z. It follows that
θX(maxY,minZ,maxZ) holds, so by Lemma 7.7, Y and X are TX -apart. This
completes the proof of Lemma 7.12.
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Lemma 7.13. Let X be minimal for ωn-largeness for some n ≥ 1. Let X0 <
· · · < XminX−1 be the canonical ωn-decomposition of X into ωn−1-large sets. If
A < B are two TX-apart subsets of X, then B ⊆ Xi for some i.

Proof. SinceA andB are TX -apart, then by Lemma 7.7, θX(maxA,minB,maxB)
holds. Since maxA ∈ X, maxB ∈ X and maxB ≥ minB, unfolding the defini-
tion of θX yield that there exists some c ≤ n such that ϕX(minB,maxB, c) and
¬ϕX(maxA,minB, c) holds. Since ϕX(maxA,minB,n) holds (as maxA,minB ∈
X), c cannot be equal to n. On the other hand, minB and maxB are in the
same canonical c-block of X, so there are in the same canonical (n − 1)-block.
So B is included in Xi for some i. This completes the proof of Lemma 7.13.

In the following proposition, recall that if X is minimal for ω2n−1-largeness,
then it is ω2n−1-large(TX) by Lemma 7.12. Thus, the proposition gives us an
example of an ω2n−1-large(TX) set which is not ωn-large(TX ,RT

1
2).

Proposition 7.14. Let X be minimal for ω2n−1-largeness for some n ≥ 1.
There exists a coloring fX : X → 2 such that there is no fX-homogeneous
ωn-large(TX) subset of X.

Proof. Let fX be the following 2-coloring of X: for x ∈ X, consider the smallest
c such that x is in a c-canonical block of X, then color x with the parity of c.

Proceed by induction on n:
Case n = 1: Let X be minimal for ω-largeness (in other words, |X| =

minX + 1). Then fX(minX) = 1 and fX(x) = 0 for every other element of X.
So there is no fX -homogeneous ω-large(TX) subset of X by minimality of X.

Case n: Assume the property to be true at rank n − 1, and let X be
minimal for ω2n−1-largeness. Let X0 < · · · < XminX−1 be the canonical ω2n−1-
decomposition of X into ω2n−2-large sets.

Assume by contradiction that there exists an fX -homogeneous ωn-large(TX)
subset Y ⊆ X, we can assume Y to be minimal for ωn-largeness(TX). Let
Y0 < · · · < YminY−1 be the canonical ωn-decomposition of Y into ωn−1-large
sets.

There are two cases:

• Y is fX homogeneous for the color 0: Since fX(minX) = 1, minX /∈ Y ,
so minY > minX. By the finite pigeonhole principle, there exists some
i < minX, such that Xi contains two elements of the form minYj for some
j < minY . Since Y0 < · · · < YminY−1, we can assume these two elements
to be of the form minYj , minYj+1, so there is some j < minY − 1 such
that Yj ⊆ Xi and minYj+1 ∈ Xi. By Lemma 7.13, since Yj and Yj+1 are
TX -apart, Yj+1 must also be included in Xi.

Let Xi,0 < · · · < Xi,minXi−1 be the canonical ω2n−2-decomposition of Xi

into ω2n−3-large sets. By Corollary 7.9, since Yj , Yj+1 are TX -apart and

34



subsets of Xi, they are also TXi-apart. So, by Lemma 7.13 applied to
Xi, Yj+1 ⊆ Xi,i′ for some i′ < minXi − 1. By Corollary 7.9, since Yj+1

is ωn−1-large(TX) then it is ωn−1-large(TXi,i′ ). But fX↾Xi,i′ is equal to

fXi,i′ , so Yj+1 is an ωn−1-large(TXi,i′ ), fXi,i′ -homogeneous subset of Xi,i′ ,
contradicting the induction hypothesis.

• Y is fX homogeneous for the color 1: Let X ′ be the 0-blockfree subset of
X. Then, by Lemma 7.5, X ′ is a minimal ω2n−2-large subset of X and its
canonical decomposition X ′

0 < · · · < X ′
minX−1 satisfies that X ′

i is equal to
Xi minus all the elements belonging to a canonical 0-block. Furthermore,
Y ⊆ X ′ (since all the elements belonging to a canonical 0-block of X are
0-colored).

If maxY0 ∈ X0 then Y0 ⊆ X0, and otherwise, by the finite pigeonhole
principle, there exists some 1 ≤ i < minX such that Xi contains two
elements of the form maxYj . Since Y0 < · · · < YminY−1, in both cases we
have Yj ⊆ Xi for some j < minY and i < minX and therefore Yj ⊆ X ′

i.
By Corollary 7.11, Yj is an ωn−1-large(TX′

i
) subset of X ′

i. fX↾X ′
i is equal

to 1 − fX′
i

(a canonical c-block of X became a canonical (c − 1)-block

of X ′ when we get rid of the 0-canonical elements), so Yj is an ωn−1-
large(TX′

i
), fX′

i
-homogeneous (for the color 0) subset of X ′

i, contradicting
the induction hypothesis.

We conclude by induction. This completes the proof of Proposition 7.14.

8 Open questions

There exists a close connection between explicit bounds computation for large-
ness, and proof speedup theorems. In particular Ko lodziejczyk, Wong and
Yokoyama [17] proved that Ramsey’s theorem for pairs and two colors has at
most polynomial speedup over RCA0 for ∀Π0

3 sentences, using the fact that
ω300n-largeness is sufficient to obtain a homogeneous ωn-large set for every in-
stance of RT2

2. The exponential bounds of largeness(T ) for Ramsey’s theorem
for pairs yields the following natural questions:

Question 8.1. Does RT2
2 admit exponential proof speedup over RCA0 + BΣ0

2?

Question 8.2. Is there a polynomial p such that for every n, every ωp(n)-
large(T ) set is ωn-large(T,RT2

2)?

The lower bound for the pigeonhole principle uses a formula TX which de-
pends on the considered set X.

Question 8.3. Is there a Π0
3 formula T such that for every n ∈ ω, every ωn-

large(T,RT1
2) set is ω2n−1-large(T )?

We note that Question 8.1 is essential for the original question on Π1
1-

conservation (Question 1.1). By the discussion of [6, Section 5] and an up-
coming paper by Ikari, Ko lodziejczyk and Yokoyama (see [12]), if RCA0 + RT2

2
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is Π0
5-conservative over RCA0 + BΣ0

2, then there exists a poly-time proof trans-
formation between RCA0 + RT2

2 and RCA0 + BΣ0
2 for Π1

1-consequences. Thus,
a positive answer to Question 8.1 implies that our Π0

4-conservation is the best
possible.
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