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Abstract

In this article, we prove that Ramsey’s theorem for pairs and two colors
is a VII] conservative extension of RCAg 4+ BXS, where a VII} formula
consists of a universal quantifier over sets followed by a IIJ formula. The
proof is an improvement of a result by Patey and Yokoyama [22] and a
step towards the resolution of the longstanding question of the first-order
part of Ramsey’s theorem for pairs. For this, we introduce a new general
technique for proving I13-conservation theorems.
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1 Introduction

Among the theorems studied in Reverse Mathematics, Ramsey’s theorem for
pairs plays a significant role, as it escapes the structural phenomenon of the
so-called Big Five. The study of its w-models yielded many longstanding open
problems, and each of them motivated the discovery of new techniques in Com-
putability Theory [24, 3, 18, 19]. See Hirschfeldt [10] for a gentle introduction
to the Reverse Mathematics of Ramsey’s theorem.

Given a set X C N, we write [X]™ for the set of unordered n-tuples over X. A
set H C N is homogeneous for a coloring f : [N]" — k if f is constant over [H]™.

Statement (Ramsey’s theorem for n-tuples and k colors). RT} : For every
coloring f : [N]™ — k, there is an infinite f-homogeneous set.

From a proof-theoretic perspective, Ramsey’s theorem for pairs also raised
many challenging open questions, among which the characterization of its first-
order part. The first-order part of a theorem T of second-order arithmetic is
the set of its first-order consequences, that is, the sentences in the language
Lpa which are provable by T. RT% is known to imply the collection principle
for X9 formulas (BXY) over RCAy (see Hirst [11]) and to be II} conservative
over RCAq + IX9 (see Cholak, Jockusch and Slaman [3]). On the other hand,
Chong, Slaman and Yang [5] proved that RT% does not imply IX9 over RCA,.
The following question is arguably the most important open question of the
reverse mathematics of Ramsey’s theorem:



Question 1.1. Is RT3 TI} conservative over RCAg 4 BX9?

The reader can refer to [17] for a history of the quest for the first-order part
of Ramsey’s theorem for pairs. Thanks to an isomorphism theorem for weak
Konig’s lemma (WKLg), Fiori-Carones, Kolodziejczyk, Wong and Yokoyama [6]
proved that in order to prove II} conservation of RT3 over RCAq 4+ BXY, it is
sufficient to study only a fixed level in the arithmetic hierarchy.

Theorem 1.2 (Fiori-Carones et al. [6]). RT3 is I} conservative over RCAq +
B iff it is VII2 conservative over RCAg + BXS.

Here, a formula is VIIO if it is of the form VX (X) where ¢ is a II2 formula.
Patey and Yokoyama [22] proved the following theorem:

Theorem 1.3 (Patey and Yokoyama [22]). RT3 is VIIJ conservative over RCA.

Note that the VII consequences of RCAg and RCAq + BX coincide, by a
parameterized version of the Parsons, Paris and Friedman conservation theorem
(see [12] or [2]). In this article, we make one further step towards the charac-
terization of the first-order part of Ramsey’s theorem for pairs, by proving the
following theorem:

Theorem 1.4 (Main theorem). WKLq 4 RT3 is VII{ conservative over RCAq +
BYY.

The proof of the main theorem follows the structure of Patey and Yokoyama [22],
using an indicator for VIIJ conservation defined by Yokoyama [27, Section 4]. It
is based on a variant of the notion of a-largeness, which provides a new general
technique for proving VII9-conservation theorems.

1.1 Quantitative largeness and II} sentences

A family of finite sets of natural numbers £ C [N]<VN is said to be a largeness
notion if any infinite set has a finite subset in £ and L is closed under supersets.
Ketonen and Solovay [13] defined a quantitative notion of largeness, called w"-
largeness (see Definition 2.1), to measure the size of sets necessary to satisfy
%Y formulas which WKLg-provably hold over infinite sets. More precisely, the
following theorem holds:

Theorem 1.5 (Generalized Parsons theorem for WKL [22]). Let ¢(x,y, F') be
a 3o formula with exactly the displayed free variables. Assume that

WKLy F VaVX (X is infinite — IF Cein XIy(x,y, F))
Then there exists some n € w such that IE? proves YaVZ Ceiy (x,00)

Z is w"-large — IF C Z3y < max Zy(z,y, F)



The generalized Parsons theorem for WKL plays a key role in conservation
results, as it provides quantitative finitary counterparts to infinitary theorems.
See Patey and Yokoyama [22] for a proof of Theorem 1.5.

For the purpose of VII9 conservation over WKLg + BX9, we shall define a
new quantitative notion of largeness, called w™-largeness(7T) (see Definition 2.5),
where T is any fixed IS sentence, and prove the following generalized Parsons
theorem:

Theorem 1.6 (Generalized Parsons theorem for WKLo+BX9+T). Let ¢ (z,y, F)
be a Xg formula with exactly the displayed free variables. Assume that

WKLo + B9 + T - VavVX (X is infinite — IF Cein XIy(2,y, F))
Then there exists some n € w such that 1% proves VaVZ Cgiy (z,00)
Z is w"-large(T) and exp-sparse — IF C Z3y < max Zy(z,y, F)

In Section 3, we shall develop a framework for VII} conservation over BX9,
and will in particular relate through Theorem 3.12 the notion of VII{ conserva-
tion to provability over RCAg + BXY + T, for a I} sentence 7.

1.2 Prerequisites

Along the paper, we shall resort to some well-known conservation theorems
without explicitly stating them.

Statement (Weak Konig’s lemma). WKL: Every infinite binary tree admits an
infinite path.

To follow the standard reverse mathematical practice, we shall write WKL
for the theory RCAg+WKL. Weak Ko6nig’s lemma plays a central role in Reverse
Mathematics, as it captures compactness arguments.

Theorem 1.7 (Hajek [8]). WKLo + BXY is a II}-conservative extension of
RCA, + BXY.

Ramsey’s theorem for pairs admits a decomposition into two combinatorially
simpler statements, namely, the Ascending Descending Sequence principle and
the Erdés-Moser theorem.

Statement (Ascending Descending Sequence). ADS: Every infinite linear or-
der admits an infinite ascending or descending sequence.

Given a coloring f : [N]> — 2, a set H C N is f-transitive if for ev-
ery {z,y,2} € [H]? with x < y < z and every i < 2, if f(z,y) = f(y,2) = i,
then f(z,z) = 1.

Statement (Erdés-Moser theorem). EM: For every infinite coloring f : [N]> —
2, there is an infinite f-transitive subset.



Ramsey’s theorem for pairs and two colors is equivalent to ADS A EM (see
Bovykin and Weiermann [1]). Chong, Slaman and Yang [4, Corollary 4.4] proved
the following theorem, among other Il conservations of combinatorial state-
ments:

Theorem 1.8 (Chong, Slaman and Yang [4]). ADS is a II} conservative exten-
sion of RCAq + BXY.

The following theorem was proven by Patey and Yokoyama [22] and is a gen-
eralization of an amalgamation theorem for II} conservation by Yokoyama [25].

Theorem 1.9 (Amalgamation [22]). Fizn > 1. Let T be a theory extending 139
which consists of sentences of the form VX3YO(X,Y) where 0 is 119 ,, and let
I’y and 'y be sentences of the same form asT. If T+T; is a VH?LH-conservatwe
extension of T fori=1,2, then, T+T1+15 is a VH2+2—conserUative extension
of T.

In particular, putting Theorem 1.8 and Theorem 1.9 together, it is sufficient
to prove that EM is a VII} conservative extension of RCAg + BX to prove our
main theorem.

Every XY formula ¢(G) can be expressed in normal form as 3k (G|, ), where
(o) is a monotonous XY formula, that is, if ¢(0) and o < 7, then () holds.
All over this paper, we shall use the following standard compactness argument:

Lemma 1.10 (Folklore). WKLy +BX$ proves that for every ¥9 formula ¢(G) =
JkY(Gk) in normal form such that YAp(A) holds, there exists some Ni € N

such that for every o € 21, 4)(0) holds. Moreover, for every AY predicate A,
»(A) holds.

Proof. Suppose there is no such N;. Let T be the tree of all ¢ € 2<N such that
—p(o). By monotonicity of ¢, T is a tree, and by assumption, it is infinite.
By WKLy, there is some A € [T]. Then for every k, —w(Alk), so —p(A),
contradicting our assumption. Let N; witness the statement of the lemma and
let A be a A predicate. By BXY, A is regular, so Aly, is coded. By choice
of N1, ¥(Aly,) holds, so Jkip(Al;) holds, hence p(A) holds. O

1.3 Structure of this paper

In Section 2, we define two quantitative notions of largeness. The first one, w"-
largeness, was defined by Ketonen and Solovay [13] and admits a generalized
Parsons theorem for provability over WKLy. The second one, w™-largeness(7),
is new, and plays the same role as w™-largeness, but for provability over WKLy +
BXY + T, where T is any fixed I1$ sentence.

Then, in Section 3, we develop a framework for VII{ conservation of RT-like
theorems. For this, given a RT-like theorem I', we first define in Section 3.1
a notion of n-density(T"), which informally asserts the existence of sufficiently
large finite sets, such that n consecutive applications of I' yield a large set.



Following techniques initially defined by Kirby and Paris [14], we prove that
RT3 is a VII{ conservative extension of RCAg + BX9+4 “there exists n-dense sets
for every n € w” (see Theorem 3.9). VII} conservation over RCAq + B is
then reduced to whether RCAq + BX9 proves the existence of these n-dense(I")
sets, for every n € w. It is however difficult to directly prove the existence of
n-dense(I") sets, and we therefore resort in Section 3.2 to the quantitative notion
of largeness, w™-largeness(T), to prove this existence step by step, by handling
one application of I' at a time.

In Section 4, we introduce the grouping principle, originally defined by
Patey and Yokoyama [22], and prove that it is a II} conservative extension
of RCA( + BX9. This principle was shown very useful to construct w"*!-large
sets from sequences of w™-large sets after an application of RT% in [22]. Using
the generalized Parsons theorem for WKLy + BXY + T, we derive a finitary ver-
sion of the grouping principle in Section 4.1. This will be the actual version
which will be used in the last section. In Section 5, we apply this framework to
prove that EM, ADS and RT3 are VII} conservative extensions of RCAq + BX9.

In Section 6, we give two proofs that RCAy + BXY is a conservative extension
of RCA for a restricted class of VII{ formulas.

In Section 7, we prove the tightness of the upper bound of largeness for the
pigeonhole principle. Last, in Section 8, we open the discussion to proof sizes
and state some related open questions.

2 Largeness

In this section, we define some quantitative notions of largeness both for WKL
and for WKLy + BX9 + T, where T is any II3 sentence. The first notion of
largeness is originally due to Ketonen and Solovay [13], and is already well-
understood. The second notion is new, so we conduct a systematic study of
it, by proving some combinatorial lemmas, and a generalized Parsons theorem,
which will often be used in the remainder of this article.

2.1 Largeness for WKL,

Ketonen and Solovay [13] defined a quantitative notion of largeness, called a-
largeness for every a < €y, and proved a partition theorem for this notion. We
give here an equivalent inductive definition in the restricted case where « is
of the form w™ - k with n,k € w. This definition will serve as a basis for the
quantitative notion of largeness for WKLy + BXY + 7.

Definition 2.1 (Largeness for WKLg). A set X Cgin N s
o w-large if X # 0.
e W™ large if X \ min X is (w™ - min X)-large
o W™ k-large if there are k w™-large subsets of X

Xo<Xi < - < X1



where A < B means that for alla € A and b € B, a < b.

Following the convention of Kolodziejczyk and Yokoyama [16], we always
assume that min X > 3 to avoid some degenerate behavior when min X is too
small. The equivalence between Definition 2.1 and the original one is a conse-
quence of [9, Theorem II.3.21]. This notion of largeness enjoys many desirable
properties: RCA( proves that w™-largeness is a largeness notion for every n € w.
Moreover, it satisfies the generalized Parsons theorem for RCAg (Theorem 1.5).

Remark 2.2. The definition above is also a notion of largeness for WKLy+BX9,
and Theorem 1.5 also holds if one replaces provability over WKLy by provability
over WKLo + BX9, as WKL + BXY is a VIIJ conservative extension of WKL

(see [12] or [2]).
The main result of Ketonen and Solovay is the following partition theorem:

Theorem 2.3 (Ketonen and Solovay [13]). Fiz k € w. RCAq proves that for
every wrt4-large set X Cein N and for every coloring f : [X]? — k, there is an
w-large f-homogeneous subset Y C X.

The theorem of Ketonen and Solovay was later generalized by Kotodziejczyk
and Yokoyama [16, Theorem 1.6], who proved that if X is w3%" ' large, then
for every coloring f : [X]? — k, there is an w™-large f-homogeneous subset.

2.2 Largeness for WKL, + BXS + T

We now adapt the notion of w™-largeness, to obtain a quantitative notion of
largeness which will play the same role, but for provability over WKLg+BX9+T
where T is a IIJ sentence.

Such a development might seem a bit ad-hoc and unrelated to VII$ conser-
vation at first sight, but it will make full sense in Section 3.2, where it will be
shown to be very useful for proving the existence of density notions. The reason
of the use of a I sentence comes from the standard proof that a statement T
is VII{ conservative over RCAg 4+ BXY. Assume that some sentence of the form
VAVa3xVy3z((Al,,a,z,y, 2) is not provable over RCAg + BXY, where ¢ is a
Y-formula. Then there exists some model M = (M, S) with some set A € S
and some integer a such that M = RCAg + BXY + VzIyvz—((Al., a,z,y, 2).
Working in a language enriched with constants A and a, and letting T =
VaIyWz—((Al,, a,z,y, 2), we want to create a model of RCAg + B + T which
furthermore satisfies I'.. We therefore naturally end up reasoning over RCAq +
BYY + T for a I3 sentence 7.

For the remainder of this article, and unless specified, the arithmetic hierar-
chy is extended to allow the use of the constants A and a inside formulas. Let
0(x,y,z) be the X-formula ~((A[,,a,z,y,2) and let T = VaIyVz0(z,y, 2).

Definition 2.4. Two finite sets X <Y are T-apart if

Vo < max X3y < minYVz < maxY0(z,y, 2)



Note that T-apartness is a transitive relation. Moreover, if X < Y are
T-apart and Xo C X and Yy C Y, then X, Yy are T-apart.

Definition 2.5 (Largeness for RCAg + BXY +T). A set X Csi, N is
o WO-large(T) if X # 0
e W large(T) if X \ min X is (w™ - min X)-large(T)
o w" - k-large(T) if there are k pairwise T-apart w™-large(T) subsets of X

Xo< X1 < < X1

As for w-largeness, we will only consider sets X such that min X > 3. In
addition, we will also require that min X > a to ensure that the constant a will
always be in the new model obtained by building a proper cut (see Proposi-
tion 2.16).

Note that if we take 6(z,y, z) to be the T formula, then w™ - k-largeness(T")
is exactly w™ - k-largeness. We first prove some basic closure properties for w”-
largeness(T'). A stronger closure property will be proven in Section 2.4.

Lemma 2.6. RCAg + BXY + T proves that for every b € N, if wb-largeness(T)
18 a largeness notion, then

1. For every c € N, w® - c-largeness(T) is a largeness notion ;
2. wP* 1l largeness(T) is a largeness notion.

Proof. Suppose that w’-largeness(T') is a largeness notion.
Fix an infinite set X. We prove by internal ¢(X) induction over ¢ > 1, that
X contains an w” - c-large(T’) subset. The case ¢ = 1 follows from the fact that
wb-largeness(T) is a largeness notion. Assume the case k holds. Let FF C X be
an w? - k-large(T) set. Since T holds, then by BX9, there is some d € X such
that
Vo < max Fy < dVz6(z,y, 2)

Since X \ [0,d] is infinite and w®-largeness(T) is a largeness notion, there is
an wb-large(T) subset G C X \ [0,6]. Then F UG is an w® - (c + 1)-large(T)
subset of X. Since every infinite set X contains a w® - c-large(T") subset, then
w? - c-largeness(T') is a largeness notion.

Suppose now that for every ¢ > 1, w® - c-largeness(7)) is a largeness notion.
In particular, for every infinite set X, there is an w® - (min X)-large(T) set F' C
X\ {min X}, hence {min X} U F is an w®*1-large(T) subset of X. Thus, w’*!-
largeness(7T') is a largeness notion. O

Proposition 2.7. For everyn € w, RCAg+BYX9+T proves that for everyc > 1,
w™ - c-largeness(T') is a largeness notion.



Proof. We prove by external induction over n that w™-largeness(T) is a large-
ness notion. Then statement of the proposition then follows from Lemma 2.6.
For the base case, since every non-empty finite set X is w%-large(T), then w®-
largeness(T) is a largeness notion. The induction case is the second item of

Lemma 2.6.
O

A set X is exp-sparse if for every x <y € X, 4% < y.

Corollary 2.8. For every n € w, RCAq + BXY + T proves that for every c > 1,
exp-sparse w™ - c-largeness(T) is a largeness notion.

Proof. Fix n € w and ¢ > 1. Let X be an infinite set. Then, there is an
infinite exp-sparse subset Y C X. By Proposition 2.7, there is an w” - c-large(T)
subset F' C Y. In particular, F' is an exp-sparse w" - c-large(T") subset of X. O

2.3 Largeness(7') combinatorics

The following lemma is inspired from Kolodziejczyk and Yokoyama [16, Lemma
2.2], but required some variations of the combinatorics to handle the constraints
based on T'.

Lemma 2.9. 120 proves that for all b € N, every w?*-large(T) exp-sparse set X
and every coloring f : X — min X, there is an w®-large(T) f-homogeneous
subset Y C X.

Proof. By induction over b.

Case b = 0. For every w’-large(T) set X and every f : X — min X, every
1-element subset of X is f-homogeneous and w®-large(T").

Case b > 0. Fix an w?'-large(T) exp-sparse set X and f : X — minX.
Since X is w?-large(T'), there are min X pairwise T-apart w?*~1-large(T") sub-
sets Xog < +++ < Xpminx—1 of X \ min X. Suppose Xy is not f-homogeneous,
otherwise we are done. Let t < min X be maximal such that f[lJ,_, Xi] D f[X].
Note that ¢ > 1 exists since otherwise,

2 < [f[Xo]l < [f[XoUXy]] <-- < [f[Xo U+ U Xpnin x 1]

and therefore |f[X]| > min X + 1, contradicting the assumption that f : X —
min X.

Since X is w?*~1-large(T), there are min X, pairwise T-apart w?*~2-large(T’)
subsets Yy < -+ < Yin x,—1 of X¢ \ min X;.

By induction hypothesis, for every j < min X;, there is a w’~!-large(T)
subset Z; C Y; which is f-homogeneous for some color ¢; < minX. Since
X is exp-sparse, 4M*Xt-1 < min X; so (max X;_1)? < min X, thus min X x
max X;_; < min X;. Thus, by the finite pigeonhole principle, there is a subset
J C {0,...,min X; — 1} of size at least max X;_; and some color ¢ < min X
such that for every j € J, ¢; = c. By choice of ¢, f[J;., Xi] 2 f[X¢], so there is
some z € |J; ., X; with f(x) = c. Thus, the set {z} UU;c; Z; is an wh-large(T)
f-homogeneous subset of X. O



Lemma 2.10. Let n,m € w. 130 proves that for every w™ ™1 large(T) set X,
there are w™-large(T') pairwise T-apart subsets Xo < -+ < Xp_1 of X such that
{min X; : i < k} is w™-large (in the regular sense of largeness)

Proof. By external induction over m, we prove the following statement that
directly imply the lemma (assuming that min X > 3): for all T-apart pairs
Yo < Y of w™t™-large(T') sets, there are w™-large(T) subsets X7 < -+ < Xj_1
of Y7 such that, letting X¢ = Yo, {min X; : i < k} is w™-large and Xo, ..., X;_1
are pairwise T-apart.

Case m = 0. The result is clear, as every non-empty set with an element
greater than 3 is w®-large(T')

Case m > 0. Let Yy < Y7 be w"t™-large(T) and T-apart, let Zy < --- <
Zminy, —1 be w"+m_1—large(T) pairwise T-apart subsets of Y;. Since Y is w™T™-
large(T'), then it is w-large and therefore minY; > max ¥y > 2 X (min Yp).

We can then apply the inductive hypothesis on the pairs

(Zo, Z1), -+ (Za(min Yo)~25 Z2(min Yo)~1)

to get for every j < minYp, families of pairwise T-apart w™-large(T) subsets
sz = Xjo < - < Xj,kj of Zgj @] Z2j+1 such that {mian,i < kj} is
wm™ L large.

Consider the famlly, Yy < XO,() < X071 <o < XO,ko < X170 < Xl,l <0<
Xomin Yo —1,kmin vy 1 - Every block of this family is w"-large(T'). Since Xg,0 C Y7,
then Yy and X are T-apart. Moreover, for all j < minYy — 1, since X, C
Zojr1and X110 = Zoji2, Xjk, and X1 0 are T-apart. So by denoting W; the
i-th element of the family and by k the cardinality of the family, {min W;|i < k}
is w™-large and the W;’s are pairwise T-apart. This completes the proof. O

2.4 Closure of largeness(7T)

Given an ordinal o < €, we let WF(a) be the VIIJ statement of the well-
foundedness of a. It is well-known that, over RCAg, WF(«) is equivalent to the
fact that every infinite set admits an a-large subset (see [16, Lemma 3.2]). This

motivates the following definition:

Statement. WFz(w®): FEvery infinite set admits an w®-large(T) subset. In
other words, w®-largeness(T) is a largeness notion.

For every n € w, RCAq proves that WF(w™) holds, but RCAy does not
prove WF(w®). Thus, given a model M = (M, S), the set WF(w™) = {b €
M : M = WF(wh)} is a cut of M which is proper iff M & WF(w®). RCAq
proves that WF(M) is an additive cut, that is, for every b € N, WF(w”) implies
WF(w??) (see [16, Lemma 3.2]). We prove the same property for WFp(wM) =
{be M : M WFrp(wb)}.

Lemma 2.11 (RCAq+BX9+T). Leta,b €N, k>0 and Xo < X1 < ... Xx_1 be
pairwise T-apart w®-large(T) sets such that {max X, : s < k} is w**L-large(T).
Then {max Xo} U, < op, Xs is w**-large(T).



Proof. By induction over b. If b = 0, then since any w!-large(T') set has cardi-
nality at least 2, k > 1, and by assumption, X; is w®-large(T), so {max Xy} U
Ui<scr Xs is wP-large(T).

Let b > 0. Let Zy < Z; < ...Z;_ be pairwise T-apart w’-large(T) sets
such that {{} U ZyU---U Z;_; is an w’*l-large(T) subset of {max X, : s < k}.
By induction hypothesis, for every ¢ < ¢, the set Wy = {min Z;} U J{X; :
max X, € Z; \ min Z;} is w**~llarge(T). Note that min Z; = min W; and
max W; = max Z;. Given i < j < /, since Z; and Z; are T-apart, and since
max Z; = max W;, min Z; = min W; and maxW; = max Z;, then W; and W;
are T-apart. Last, since max Xy < ¢, then {max Xo} UWyU---UW,_ is an
w*tl-large(T) subset of {max Xo} U U<, Xs- O

Proposition 2.12. RCAy + BXY + T proves that for every a € N, if w-
largeness(T) is a largeness notion, then so is w?*-largeness(T).

Proof. Suppose w®-largeness(T') is a largeness notion. Fix an infinite set X.
We build greedily an infinite subsequence Xg < X7 < ... of pairwise T-apart
w®-large(T) sets. Suppose for the contradiction that there is some k € N such
that X1 is not found.

Since T holds, then by BXY, there is some b € X such that

Vo < max XyJy < bV20(z,y, 2)

Since X \ [0, ] is infinite and w™-largeness(T") is a largeness notion, there is an
w"-large(T') subset Xy 1 C X\ [0,b]. Then Xy,..., Xy are pairwise T-apart,
contradiction.

By Lemma 2.6, w®!-largeness(T) is a largeness notion. Since Y = {max Y} :
s € N} is an infinite set, then there is an w®*!-large(T) subset F. By Lemma 2.11,
U{X; : max X, € F} is an w?®-large(T) subset of X. O

2.5 A generalized Parsons theorem for WKL, + BXS + T

We now turn to the proof of a generalized Parsons theorem for this notion of
largeness. The proof is an elaboration of the original construction by Kirby and
Paris [14]. It is based on the construction of a semi-regular cut which satisfies
some extra properties to make it a model of RCAg + BXY + T'. We start with a
few definitions:

Definition 2.13 (Cut). A cut in a model M of first order arithmetic is a
nonempty subset I C M which is closed by successor, and is an initial segment
of M, that is, ifa € I and b < a, thenbe I

Definition 2.14 (Semi-regular cut [14]). A cut I C M is said to be semi-regular
if for every M-finite set E C M such that |E| € I, ENT is bounded in I.

The following proposition shows that semi-regular cuts are exactly those
coding a model of WKLy:

10



Proposition 2.15 (See Scott [23] and Kirby and Paris [14, Proposition 1]).
Let I C M be a cut and let Cod(M/I) = {SNI: S is M-finite}. Then I is
semi-regular if and only if (I,Cod(M/I)) = WKLg.

Proposition 2.16. Given a countable non-standard model M = (M, S, a™, AM)
of 129 and an M-finite set Z C M which is w* -large(T) and exp-sparse for
some ¢ € M\w, there is an initial segment I of M such that (I, Cod(M/I),a™, AMN
I) |E WKLy + BXS + T and I N Z is infinite in I.

Proof. Let (F;)ic., be an enumeration containing all the M-finite sets infinitely
many times each and let (f;);e., be an enumeration containing infinitely many
times all the M-finite functions from {0,...,max Z} to a k where k < max Z.

We will build a decreasing sequence of sets Z = Zy 2 Z; O ... such that Z;
will be w?" "-large(T) (and still exp-sparse).

At stages of the form s = 44, let Z4; be given. If min Zy; < |E;|, then keep
Zaisr = Zai. M min Zy; > |E;|, then, letting 29, < - < ZminZai—1 e 2"
large(T') such that | | Zii C Z4;, by the finite pigeonhole principle, there
exists a j < min Zy; such that E; N ZZZ- = (), in this case, take Z4;41 = ZZZ- for
such a j.

At stages of the form s = 4i + 1, let Zy;11 be given. Let k be the range
of f;, if min Zy; 11 < k, then keep Zgi1o = Zygiy1. If min Zy19 > k then f;
induce a coloring J; : Zyir1 — min Zy;,1 and let Zy;,2 be an w26741’72—1arge(T)
fi—homogeneous subset of Zy; 1 (by Lemma 2.9).

At stages of the form s = 4i + 2, let Zy12 be given and put Zy3 =
Zgiv2 \ {min Zy; 12}

At stages of the form s = 47 4 3, let Z4;43 be given. Z4; 13 contains at least
two w2074174—1arge(T) and T-apart subsets, Yy < Y7. Take Z4;14 = Y7.

Finally, let I = sup{min Z;|i € w}. First, note that by convention, for every
w? -large(T) set Z, a™ < min X, hence a™ € I.

The stages of the form s = 4¢ ensure that I is a semi-regular cut and therefore
(I,Cod(M/I)) = WKLy.

The stages of the form s = 47 + 2 ensure that Z; N[ is infinite in [ for every
i (and in particular Z N T is infinite in 7).

The stages of the form s = 4i + 1 ensure that (I, Cod(M/I)) = RT' (and
therefore BY9): let f : I — k € Cod(M/I), there exists an index i € w such
that f = f; NI (and therefore f = f;[I) and since k € I, we can take the i to
be large enough for min Zy; 11 to be bigger than k (Since every such function
appears infinitely many times in the enumeration). By construction Z4 1o is
fi-homogeneous, so Z4;12N 1 is an element of Cod(M/I) that is f-homogeneous
and infinite in [.

The stages of the form s = 4i+3 ensure that (I, Cod(M/I),a™, AMNI) =T
as for every k € I, there exists an index i such that k < min Z4; 3 and therefore
Ve < kJy < min Zy44Vz < max Zy;14 0(x,y,2) holds. Replacing AM by
AM N T inside 6(z,vy,2) does not change its truth value for x,y,z € I, hence
(I,Cod(M/I),a™, AMNI) |=Vo < kIyVz 0(z,y, 2). O

j<min Zy;
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Theorem 1.6 (Generalized Parsons theorem for WKLo+BX9+T). Let ¢ (z,y, F)
be a Xg formula with exactly the displayed free variables. Assume that

WKL + BYS + T - VaVX (X is infinite — IF Cein Xy(z,y, F))
Then there exists some n € w such that IE? proves YaVZ Cgip (x,00)
Z is w"-large(T) and exp-sparse — IF C Z3y < max Z¢(x,y, F)
Proof. By contradiction, assume that for all n € w, 1%9 does not prove
VaVZ Ciipn (2,00)[Z is w"-large(T') and exp-sparse — IF C Z3y < max Z¢(z,y, F)]
There is a countable model M = (M, S) |= 129, satisfying for every n € w

2" .
3237 Ciin (2, 00) [ Z is w? -large(T) and exp-sparse ]

and VF C ZVy < max Z—(x,y, F)

We can assume M to be non-standard, so by overspill, there exists a b € M\w
such that

7 is w2’ -large(T) and exp-sparse
M = 3232 Copn (z,
= 3232 Cein (,00) [ and VF C ZVy < max Z—(x,y, F)

Let ¢ € M and Z Cgiy (¢, 00) wzb—large(T) be such that M = VF C ZVy <
max Z—(c,y, F). By Proposition 2.16, there is an initial segment I of M such
that (I, Cod(M/I),a™, AM N I) E WKLy + BXY + T and Z N I infinite in 1.
Therefore,

(I,Cod(M/I),a™, AMNT) = (Z N1 is infinite AVF Cgin Z N IVy—)(c,y, F))
This contradicts our assumption that

WKLo + BEQ + T+ V2¥X (X is infinite — 3F Cein XIyto(a,y, F))

3 A framework for VII} conservation

We now develop a framework for proving that RT-like statements are VII$ con-
servative over RCAg + BX9. This will be divided into two sections : First,
building up on the work of Kirby and Paris [14], we prove in Section 3.1 that
every RT-like theorem T is VII) conservative over RCAy + B9+ a first-order
theory stating the existence of dense(I") sets. Then, in Section 3.2, we use the
quantitative notion of largeness defined in Section 2 to prove the existence of
dense(I") sets, assuming the existence of a combinatorially simpler objects.

Given a function f : [N]” — k and a finite set G = {xg < -+ < 24_1}, let
fa : [0]™ — k be defined by fa(io, ... in—1) = f(Xigs -+, Zi,_,)-

12



Definition 3.1 (RT-like formula). Given n,k € w, an RT-like formula is a
13 -formula of the form

(Vf : [N]" = k)(TY)(Yis infinite N U(f,Y))
where U(f,Y) is of the form (VG Csin Y)Wo(fg) with ¥o a AY-formula.

RT-like statements were introduced and studied in the standard realm by
Patey [21], formulated in terms of forbidden patterns. The idea behind the
formula ¥ is that theorems from Ramsey theory are about structure and not
the actual value of the domain. Thus, every solution is rewritten as a copy of
the integers.

Remark 3.2. The notion of RT-like statement is a particular case of Ramsey-
like-113-formula, introduced by defined by Patey and Yokoyama [22]. It already
encompasses Ramsey’s theorem for pairs, the Ascending Descending Sequence
principle and the Erdds-Moser theorem. This section could have been formulated
and proven in the more general setting of Ramsey-like-I13 -formulas, with the cost
of some heavier notations as in [22].

Since an RT-like statement does not distinguish the solutions from the set
of the integers, it proves a slightly stronger formula, stating that the class of
solutions is dense in the partial order ([N]Y, C).

Lemma 3.3. LetT' = (Vf : [N]" = k)(3Y)(Yis infinite AU (f,Y)) be an RT-like
formula. Then RCAg +T' proves

(Vf : IN]" = k) (VX infinite)(TY C X)(Yis infinite N U(f,Y))

Proof. Let f: [N]™ — k be a coloring and X = {z¢p < 21 < ...} be an infinite
set. Let f : [N]* — k be defined by f(io,...,in-1) = f(%i,-..,2i, ,). By T,
there is an infinite set ¥ C N such that W(f,Y). Let Y = {z, : s € Y}. We
claim that ¥(f,Y) holds.

Say U(f,Y) = (VG Csin Y)Uo(fe) with ¥y a AS-formula. Let G Cyip Y,
and let G = {s: 2z, € G}. Say G = {z4,,...,2s, ,}. Then

fG(i0,~"7in—1) - f(xsiov"'axsinil) = f(sioa"'asin_l) = f@(’LOv ;in—l)

hence fg = fG Since \I/(f,?) and G Csin Y, then \Ifo(fé) holds, then so does
Uo(fe). Since it holds for every G Cgip Y, then U(f,Y) holds. O

3.1 Density(7") for RT-like statements

There exists a very general way to characterize the first-order part of a second-
order theory, using the notion of density, originally defined by Kirby and Paris [14].
This was later adapted by Bovykin and Weiermann [1, Theorem 1] to prove I13
conservation of combinatorial theorems, and generalized by Patey and Yokoyama [22,
Theorem 3.4] for VIIJ conservation.
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Definition 3.4. Fixz an RT-like statement
= f:[N]" = k)(3Y)(Yis infinite N\ U(f,Y)).

We define inductively the notion of m-density(T,T') of a finite set Z C N
as follows. A set Z is 0-dense(T,T) if it is w-large(T) and a set Z is (m +
1)-dense(T,T) if

(a) for any f : [Z]" — k, there is an m-dense(T,T") set Y C Z such that
U(f,Y) holds, and,

(b) for any partition Zo U - U Zy_1 = Z such that £ < Zy < --- < Zy_1, one
of the Z;’s is m-dense(T,T).

(c) for any f : Z — min Z, there is an m-dense(T\T") set Y C Z which is
f-homogeneous

(d) there is an m-dense(T,I") set Y C Z such that

Ve < min Z3y < minYVz < maxY 0(z,y, 2)

As for largeness(T'), we require that any m-dense(T, T") set X satisfies min X >
max 3, a.

Remark 3.5.

(1) In the definition above, item (a) is an indicator for T, item (b) for WKLy,
item (c) for RT! and item (d) for T. Strictly speaking, this notion corre-
sponds to m-density(T', WKLy, RT17T), but for simplicity of notation, we
only made explicit the varying parameters.

(2) Note that item (b) follows from item (c). However, for clarity and explic-
itness of the indicators, we kept both items.

(3) Also note that there is a hidden use of BXY in item (d). Indeed, one
assume that every r < min Z will have minY as a uniform bound. One
could have modified this item to require that for every x < min Z, there
is an m-dense(T,T) set Y C Z and some y < minY such that Vz <
max Z 6(z,y,z).

We now prove the core combinatorial lemma which relates the notion of
density to the existence of a cut satisfying the desired properties.

Lemma 3.6. Let I' be an RT-like statement. Given a countable nonstan-
dard model M = 159 and an M-finite set Z C M which is c-dense(T,T')
for some ¢ € M \ w, then there exists an initial segment I of M such that
(I,Cod(M/I),a™, AMNT) = WKLy +BX)+T +T and I N Z is infinite in I.
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Proof. Let I' be an RT-like statement of the form
(Vf : [N]" — k)(3Y)(Yis infinite A U(f,Y))

where k,n € w and ¥ in the form of Definition 3.1
Let (E;);c., be an enumeration containing all the M-finite sets infinitely
many times each, let (f;);c be an enumeration of all the M-finite functions from

[{0,...,max Z}]™ to k and let (g;)ic,, be an enumeration containing infinitely
many times all the M-finite functions from {0,...,maxZ} to a | where [ <
max Z.

We will build a decreasing sequence of sets Z = Zy O Z; O ... such that Z;
will be (¢ — i)-dense(T, T).

At stages of the form s = 5i, let Z5; be given. If min Z5; < |E;|, then keep
Z52'+1 = Zs;. If min Z5; > ‘El‘, let E;, = {60,...,6171} where e < --- < €11
and put Z9;, = Zs; N [0,e0)n, Z2;, = Zsi N [ej—1,€ej)n for 1 < j < 1—1 and
Zt, = ZsiNej_1,00)n. Then Zs, = Z9,U---U ZL,, thus one of the ZZ; for j <1
is (¢ — 5i — 1)-dense(T,T"). Put Zs;41 to be such a Zéz

At stages of the form s = 5i + 1, let Z5;41 be given. Let [ be the range of
9;, if min Z5i+1 < [, then keep Z5i+2 = Z5i+1. If min Z5i+1 > [ then g; induce
a coloring §; : Zs;41 — min Zg; 11 and let Zs;40 be an (¢ — 5i — 2)-dense(T, T")
gi-homogeneous subset of Zs; 1.

At stages of the form s = 5i + 2, let Z5;12 be given and put Zs;13 =
Zsito \ {min Zs; 40},

At stages of the form s = 5i + 3, let Z5;43 be given and let Z5,44 be a
(¢ — 57 — 4)-dense(T, T') subset of Zs;13 such that

Va < min Zs;433y < min Z5,14Vz < max Zs; 14 0(z,y, 2)

At stages if the form s = bi+4, let Z5,14 and f; be given. Let Z5;45 C Z5;14
satisfying W(f;, Zsi45)-

Finally, let I = sup{min Z;|i € w}.

The stages of the form s = 57 ensure that I is a semi-regular cut and therefore
(I,Cod(M/I)) = WKLy.

The stages of the form s = 5¢ + 2 ensure that Z; N[ is infinite in I for every
i (and in particular Z N I is infinite in 7).

The stages of the form s = 5i + 1 ensure that (I,Cod(M/I)) = RT' (and
therefore BX9): let g : I — k € Cod(M/I), there exists an index i € w such
that g = g; N I (and therefore g = g;[I) and since k € I, we can take the i to
be large enough for min Z5;41 to be bigger than k (Since every such function
appears infinitely many times in the enumeration). By construction Zs,io is
gi-homogeneous, so Zy; 12 N1 is an element of Cod(M/I) that is g-homogeneous
and infinite in I.

The stages of the form s = 5i+3 ensure that (I, Cod(M/I),a™, AMNI) =T
as for every k € I, there exists an index ¢ such that k < min Z5; 3 and therefore
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Vo < kIyWz < max Zsirg 0(,y,2), so (I,Cod(M/I),a™, AMNI) | Vo <
k3yvz 0(x,y, z) (since max Zs;1q > I), so (I,Cod(M/I)) E=T.

The stages of the form s = 5i + 4 ensure that (I,Cod(M/I)) = T': Let
f ™ — k € Cod(M/I), there exists an index ¢ € w such that f = f; N
I (and therefore f = f;|I). By construction, M = U(f;, Zs;15) and thus
(I,Cod(M/I)) & V(f, Zsi15 N I) and since Zs;15 N I is infinite in I we have
(I,Cod(M/I)) ET. O

We can now define a Paris-Harrington-like principle to which our theorem
will be VII} conservative over RCAq + BX9.

Definition 3.7 (Paris-Harrington principle for density(T)). Fir a %9-formula
0(X1,,a,z,y,z) with exactly the displayed free variables and somen € w. Let n-
PHy(T") be the statement

“For every a,b and every set A, if VeIyVz0(Al,,a,x,y,z) then there is an
n-dense(NVxIyvz0(Al,,a,z,y,2),T") set X such that min X >b.”

The following proposition shows that this Paris-Harrington-like statement
can be actually proven by I', with the help of compactness.

Proposition 3.8. Fiz a X)-formula 0(X|,,a,,y, z) with exactly the displayed
free variables. Then for every n € w, WKLo + BXS + ' F n-PHy(T).

Proof. Write T(X,t) = VaIyvz0(X1,,t,x,y,2) and T = (Vf : [N]* = k)(TY)(YV
is infinite AU(f,Y)).

Fix a,b and A a set and assume T'(A,a). By external induction on n € w,
we will prove the stronger property that “n-density(7(A,a),I') is a largeness
notion”.

Case n = 0. By Proposition 2.7, RCAq+BX9+T (A, a) proves that w-largeness(T' (4, a))
is a largeness notion.

Case n > 0. Suppose the property to be true at rank n — 1 and fix ¥ an
infinite set. By the standard compactness argument (see Lemma 1.10), available
within WKLy + I', and by Lemma 3.3, there is a depth dy such that for every
f10,...,do) NY]™ — k there exists a Z C [0,dp) N'Y such that ¥(f, Z) and
Z is (n — 1)-dense(T'(4, a),T).

Let £ = minY. Consider the tree of all ¢-partition of Y such that no ele-
ments of the partition contains a (n —1)-dense(T'(A, a),T’) set. By the inductive
hypothesis and BX9, this tree has no infinite branch, so, by WKLy, there is a
depth d; such that for every partition ZoU---U Z,—1 =Y N[0,...,dy), one of
the Z; is (n — 1)-dense(T(A,a),T).

By BXY and our assumption that Va3yVz0(Al.,a,z,y,2), there exists a
bound k such that Vz < minY3y < kVz0(Al,,a,x,y,z). By the inductive
hypothesis, there exists some dy such that Y N[k, k+ 1,...,d2) is (n — 1)-
dense(T'(A,a),T).

Finally, take d = max{dy, d1,dz2}, the set YN0, ...,d—1) is n-dense(T'(4, a),T)
by definition of dy, d1,d2. We conclude by induction. O

We are now ready to prove the general theorem which relates I' to its corre-
sponding Paris-Harrington-like theory.
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Theorem 3.9. WKL +BX) +T is VII} conservative over RCAg + {n-PHy(T) :
new,fexd}

Proof. Assume RCAg+{n-PHy(T') : n € w,0 € X3} i/ VXVt3IaVyIen(X |, t, 7y, 2)
with 7 a 38 formula. By compactness, completeness and the Léwenheim-Skolem
theorem, there exists some countable model

M= (M,S) ERCAg+ c-PH_,(T) +{c > n:n € w}+VeIyVz—m(Al,,a,z,y, 2)

where A € S;a € M and c is a new constant symbol.

M EVz3IyVz—n(A, a,z,y, z)+c-PH-, (T') so there exists a c-dense(T'(A, a),T")
set X, where T'(4, a) = VeIyVz—m(Al,, a,z,y, 2).

By Lemma 3.6, there exists an initial segment I of M such that (I, Cod(M/I)) |=
WKLo+BX9+T+T (AN, a). Therefore WKLo+BX9+T I VX VtIaVyIen(X T, t, 2,9, 2).

The converse follows from Proposition 3.8.

3.2 Largeness(T) for RT-like statements

Thanks to Theorem 3.9, our main theorem is reduced to proving n-PHg(RT3)
over RCAg + B for every n € w and every X9 formula . Unfolding the
definitions, given a set A and a, letting T'(4, a) = VaIyVz0(Al,,a,z,y, z), the
goal is to prove over RCAg+BX9+T(A, a) the existence of n-dense(T(A, a), RT3)
sets. However, the notion of n-density is not easy to manipulate. Thanks to
our generalized Parsons theorem for provability over WKLy + BX9 + T, one
can handle one application of RT% at a time, but in return the solution has to
sufficiently large in the sense of w™-largeness(T').

Definition 3.10. Fiz r,s € w and an RT-like-11}-statement T' = (Vf : [N]" —
k)(3Y)(Yis infinite N\ U (f,Y)). A set Z Cyipn N is said to be w” - s-large(T,T") if
for any f : [Z]™ — k, there is an (w" - s)-large(T) set Y C Z such that U(f,Y)
holds.

The following proposition relates density to largeness:

Proposition 3.11. Let I' be an RT-like statement and T be a 113 formula.
Suppose w™-largeness(T,T') is a largeness notion provably in RCAg + BX9 + T
for every n € w. Then n-density(T,T') is a largeness notion provably in RCAy +
BXY + T for every n € w.

Proof. Write T' = VaIyVz0(x,y,z) and I' = (Vf : [N]” — k)(IY)(Y is infinite
N, Y)).

By Theorem 1.6, for every n € w, since w™-largeness(7,I") is a largeness
notion provably in RCAg + BXY + T, there exists some /,, € w, such that

IX0 - VX (X is w'-large(T) and exp-sparse — X is w"-large(T,T"))
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Consider the following inductively defined sequence: kg = 1 and k,1 =
max{2k,, L, , k, + 1}. We claim that

IX0 - VX (X is whr-large(T) and exp-sparse — X is n-dense(T,T))

By Proposition 2.8, RCAy +BX9 + T proves that exp-sparse w”-largeness(T)
is a largeness notion for every k € w, so if the claim is valid then n-density (T, T")
is a largeness notion provably in RCAg + BX9 + T for every n € w.

We prove the claim by external induction on n € w:

Case n = 0, every w!-large(T) set is 0-dense(T,T")

Case n > 0, assume the property to be true at rank n — 1. Let X be
whknlarge(T') and exp-sparse. We need to check that X is n-dense(7T,T)). Since
by Remark 3.5, item (b) follows from (c), then we prove (a), (c) and (d) of
Definition 3.4 :

(a) Since X is wé’“nfl—large(T) and exp-sparse, X is w*»—1-large(T,T'), so for
any f:[X]™ — k, there is an (n — 1)-dense(T,T') subset Y C X such that
U(f,Y) holds.

(c) Since X is w?*n-1-large(T) and exp-sparse, by Lemma 2.9, for every col-
oring f : X — min X, there is an w*»-1-large(T) subset Y C X which is
f-homogeneous. By induction hypothesis, Y is (n — 1)-dense(7,T").

(d) Since X is whn—1Fllarge(T), there exists Xg < - < Xminx_1 (n —
1)-dense(T, T') subsets of X that are pairwise T-apart. SoVz < min X3y <
min X;Vz < max X10(x,y, z) (since min X < max Xy and X, and X; are
T-apart).

Therefore, X is indeed n-dense(T,T"). We conclude by induction.
O

The following theorem is the one which will actually be used in our applica-
tions in Section 5.

Theorem 3.12. LetT' be an RT-like. If w™-largeness(T,T") is a largeness notion
provably in RCAg + BXY + T for every n € w and every 113 formula T, then
WKLg + BX9 + T is a VIIS-conservative extension of RCAg + BXY.

Proof. Fix some n € w and 0(A[,,a,7,y,2) a ¥J formula. Let us show that

RCAq + BX9 F n-PHy(T). Fix a model M = (M, S) = RCAg + BXY, some a,b €

M and some set A € S such that M |= Va3yVz0(Al,,a,x,y, z) holds. Let T(A,a) =
VaIyVz0(Al,,a,z,y,2). By Proposition 3.11, n-density(T'(A,a),T’) is a large-

ness notion provably in RCAg+BX9+T(A, a) for every n € w, thus n-density(T(A, a),T")
is a largeness notion in M. Since (b, c0) is an M-infinite set, then there is an
n-dense(T'(A,a),T) set X € S such that min X > b. So M = n-PHy(T'). Thus,

by Theorem 3.9, WKLy + I is a VII{-conservative extension of RCAg + BXS. [
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4 TII} conservation of the grouping principle

The grouping principle was defined by Patey and Yokoyama [22] as a combi-
natorial principle needed for an inductive construction of w”-large solutions to
the Erdos-Moser theorem. They proved that the grouping principle is IIS con-
servative over RCA and that it implies BXY. In this section, we prove that this
principle is actually ITi conservative over RCAq + BX.

There exist two notions of grouping: a finitary one (FGP}) and an infinitary
one (GP}), the former following from the latter. We first define the infinitary
version.

Definition 4.1 (L-grouping). Let L be a largeness notion and f : [N]” — 2 a
coloring. A (finite or infinite) sequence of L-large sets Fy < Fy < ... of length
k € NU{oo} is an L-grouping for f if for every H € [k]™, f is monochromatic
on [[cny Fi.

In particular, for n =1, Fy < F} < ... is an L-grouping if for every i, Fj is
f-homogeneous.

Statement (Grouping principle). GP}: For every largeness notion L and every
coloring f : [N]™ — k, there is an infinite L-grouping.

The remainder of this section is dedicated to the proof of the following
theorem.

Theorem 4.2. WKLg + GP3 is IT} -conservative over RCAq + BXY.

Following the reverse mathematical practice, GP% can be decomposed into
the cohesiveness principle (COH) and a A version of GP3 (AJ-GP3).

Statement. Ag-GP%: For every largeness notion £ and every AY set A, there
is an infinite L-grouping for A.

An infinite set C' C N is cohesive for an infinite sequence of sets Ry, R1, . ..
if for every x € N, C C* R, or C C* R,, where C* denotes inclusion up to
finitely many elements.

Statement (Cohesiveness). COH: FEwvery infinite sequence of sets admits an
infinite cohesive set.

The following decomposition can be considered as folkore:
Lemma 4.3 (Folklore). RCA, + BX9 - COH + AJ-GP; — GP3.

Proof. Fix some coloring f : [N]? — 2 and largeness notion £. By COH, letting
R, ={y: f(x,y) = 1}, there is an infinite set C' which is cohesive for Ry, Ry, . ..
In particular, limyecc f(z,y) exists for every z € M. Say C ={cp <c1 <...}.
Let A(z) = lim,, f(cq,¢y). By AY-GP}, there is an infinite £-grouping Fy < Fy <
... for A. Forevery s € M,let G; = {c, : © € Fs}. Then for every s € M, either
Vo € Fylimyec f(z,y) = 0, or Vo € Fylimyec f(z,y) = 1. Then, using BX3,
by computably thinning out the sequence, we obtain an M-infinite grouping
for f. 0
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Given a model M = (M, S) = RCAq and a set G C M, we write M[G] for
the model whose first-order part is M and whose second-order part consists of
the Af-definable sets with parameters in M U {G}. If M U {G} [ IX9, then
M[G] = 12Y. By the amalgamation theorem of Yokoyama [26, Theorem 2.2]
and the fact that WKLy and COH are both II} conservative over RCAg + BX9,
Theorem 4.2 is a direct consequence of the following proposition.

Proposition 4.4. Consider a countable model M = (M,S) &= RCAq + BXY
topped by a set Y € S. For every largeness notion L € S and every AY(Y)-set
A C M, there exists a G C M such that:

e G is an M-infinite L-grouping for A or G is a witness that L is not a
largeness notion (i.e. an M-unbounded set with no M -finite subset in L).

oY >YaG)
e M[G] = RCA( + BXS.

Proof. Fix a uniform enumeration of all Y-primitive recursive non-empty tree
functionals Ty, Ty, . . ., that is, for every n € M and every X, T:X is an M-infinite
tree. Let
C={EP Xa:Vavn X4 € [T} EX0E X}
a

The class C is II9(Y) and non-empty. There exists a primitive Y-recursive tree
whose infinite path are the elements of C, so by [9, Corollary 1.3.10(3)], there
is a set P =@, X, € C such that Y/ >7 (P®Y)" and M[P] = RCA( + BXY.
Let N = (M,{X, : a € M}). Note that N is an w-extension of M and that
N |E WKLy + BXS. Assume £ is a largeness notion within A/, otherwise we are
done.

Definition 4.5 (Condition). A condition is a tuple (F, §) such that F is a finite
L-grouping for A, and (go, ..., gp—1) € N are 2-colorings of M.

Note that every set X € A has a code with respect to P, that is, some a €
M such that X = X, (where @ X, = P). Thus, since (go,...,gp-1) € N,

a condition (ﬁ, g) can be represented by an integer in M. For simplicity of
notation, we identify a condition with its code.

Definition 4.6 (Extension). A condition d = (E,h) extends a condition ¢ =
(F,§) (written d < c¢) if:

e ¢ is a subsequence offz
o E is of the form ﬁ,HO,...,HS_l
e Hy,...,Hs_1 is an L-grouping for g.

Definition 4.7 (Forcing relation). Let ®. be a Turing functional and ¢ = (F, §)
a condition:
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o clkBYOC | if pYOF |

o clF OYeC 4 f@y@(F -B) 1 for every finite L-grouping E for g such that
max F < minE.

The relation ¢ I- ®Y®C | is AY(Y) and c IF @YC 1 is TN (Y @ 7).

Lemma 4.8. Let c = (ﬁ, g) be a condition. For every k € M, there exists some
M-finite o' € 2% and an extension d = (E,h) < ¢ such that dIF (G®Y)' |, = o’
(Where dIF (G®Y)', = o is the I9(Y @& h) relation meaning that if o’ (e) = 0
then d I- ®G®Y 4 and if o'(e) = 1 then d IF ®EEY ).

Proof. For s < k, let ¢(s) be the formula that holds if for every (k — s)-tuple of
colorings f: fo,- -, fr—s—1 there exists a set of indexes ey < --- < es_1 < k
and a finite L-grouping H for (g, f) such that max F' < min H and @Y@(F H) i3
for all i < s. By Lemma 1.10, ¢(s) is 39(Y @ ).

Let V = {s < k : p(s)}. V is M-finite since N’ = 139 and V contains 0.
Therefore, one of the following cases holds:

Case 1: k—1 € V. In this case, by conmdermg the coloring mduced by A, by
Lemma 1.10, there exists a finite E groupmg H for (g, A) with max F' < min H

and such that for every index e < k, <I>Y®(F H) . In this case, ((F,H),§) IF
(GaeY)|k=11...11.

Case 2: there is some s < k —1 with s € V but s +1 ¢ V. Consider the
following II9(Y @ g) class: C is the class of all (k — s — 1)-tuple of colorings
f: fos- -5 fr—s—2 such that for every set of indexes eg < -+ < es_9 < k and
every finite L-grouping H for (g, f) satisfying max F' < min H , there exists a
it < s — 1 such that @éi@(RH) 1. Since s +1 ¢ V, the class C is non-empty.
Moreover, since Y, § € N' = WKL, there is some f € CNN.

Then f, A is a (k — s)-uple of colorings and since s € V, there exists a set of
indexes eg < --- < es_1 < k and a finite £-grouping H for (g’,f,A) such that
max F' < min H and q)fi@“ﬁﬁ) Jforalli<s.

Letting d = ((F,H), (g, f)) and o’ € 2* the binary encoding of the set
{eo, ...,es—1}, we have that d extends ¢ and d IF (G®Y) [k = ¢’: By choice of
H and the e;, it is clear that d IF ®¢®Y | for every e < k such that o’(e) = 1
and by choice of f, for every e < k such that ¢’(e) = 0 since {eg, ..., es_1,€}
is of cardinality s + 1, no extension of d can force ®S®Y to stop (and therefore
dIF ®FOY 1),

O

Lemma 4.9. Let c = (ﬁ7 g) be a condition. For every k € M, there ezists an
extension d = (E, §) < ¢ such that max E > k.
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Proof. Consider the II9(Y @ §)-class D of all colorings h such that there is no
L-grouping E with max E > k for g, h with E is of the form ﬁ, Hy,...,Hs_ 1.

If this class was non-empty, then since Y, € N = WKLg, then there is
an element f € DNN. By RT', there exists an N-infinite set X homogenous
for g, f such that X N [k, t]n is not L-large for any ¢ > k contradicting our
assumption on the largeness of £ within V.

So the class D is empty and in particular does not contain the coloring A.
Therefore, such an extension d exists. O

Construction. We will build a decreasing sequence (Fs,7,) of conditions
and then take for G the union of the Fs. We will also build an increasing
sequence (o)) such that (G ®Y)" will be the union of the o). Initially, we take
Fy = § = 0 and o} = ¢, and during the construction, we will ensure that we
have |F';|, |gsl, |oL] < s at every stage. Each stage will be either of type R or of
type S. The stage 0 is of type R.

Assume that (ﬁs,ﬁs) and o, are already defined. Let sy < s be the latest
stage at which we switched the stage type. We have three cases.

Case 1: s is of type R. If there exists some F and g such that ||, |F| < s
and some o’ € 2% such that (F,g) < (Fs,g,), and (F,g) IF (Ga&Y) [ = 0,

then let Fyyq = F, Gop1 =G, 0 o, =0 and let s + 1 be of type S. Otherwise,
the elements are left unchanged and we go to the next stage.

Case 2: s is of type S. If there exists some F and § such that |g], |F| < s,
max F > sp and (F7g) < (Fs,gs), then let FS+1 =F and §. Jsi1 =g and let s+1
be of type R. Otherwise, the elements are left unchanged and we go to the next
stage.

This completes the construction.

Verification. Since the size of F;, Js and ol are bounded by s, there is a
AY(Y' @ P)-formula ¢(s) stating that the construction can be pursued up to
stage s. Our construction implies that the set {s|¢(s)} is a cut, so by IAY(Y'@® P)
(which follows from BXY in M[P]), the construction can be pursued at every
stage.

Let G = U,ep 0s- By Lemma 4.8 and Lemma 4.9, each type of stage
changes M-infinitely often. Thus, {|o}| : s € M} is M-unbounded, so (Y @&
PY >7 (GaY). Since Y >r (Y @& P’'), then Y’ >r (G@Y)'. In particular,
M[G] | RCAq + BXY and G is M-infinite and is therefore an M-infinite L-
grouping for A. O

We are now ready to prove the main theorem of this section, namely, that the
grouping principle is II1 conservative over RCAg + BXY. It can be alternatively
proved by showing that A9-GP} and COH both are IT}-conservative over RCAq +
BXY, and using the amalgamation theorem of Yokoyama [26, Theorem 2.2].
However, we give a direct argument for the sake of simplicity:

Proof of Theorem 4.2. Assume RCA;+BX9 I/ VX ¢(X) for ¢ arithmetical. Then,
by completeness and the Lowenheim-Skolem theorem, there exists a model
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M = (M,S) E RCAy + BXS + —¢(A) for an A € S. We can furthermore
assume that M is topped by A.

By Proposition 4.4 and Chong, Slaman and Yang [4, Theorem 3.2], we can
build the following sequence of countable topped model of RCAy + BX9: Mg =
M C My C My C ... satisfying that

(1) for every i, every largeness notion £ € M, and every set A that is A9 in
M, there is either a j such that £ is no longer a largeness notion in M,
or a set G € M; such that G is an M-infinite £-grouping for A.

(2) for every i, every uniform sequence of sets Re M, there is some j and
an M-infinite R-cohesive set C' € M;.

Let M' =, c., Mn. Clearly, M’ = RCAq + B3+ COH+ AJ-GP} +—¢(A).
By Lemma 4.3, M’ = GP3. Therefore, GP3 is IT}-conservative over RCAq +
BXY. O

Remark 4.10. The above construction shows that RCAg + BEg proves the <o-
basis theorem for AY-GPY (in the sense of [6]), and thus GP3 also admits <o-
basis theorem within RCAg + BXS. This implies that the above 11} -conservation
theorem admits poly-time proof transformation. In general, an upcoming result
by Ikari and Yokoyama shows that any RT-like principle provable from WKLg +
RT% admits poly-time proof transformation if it is 11} -conservative over RCAg +
B,

4.1 Finite grouping principle with T-apartness

Thanks to the generalized Parsons theorem, we can turn II} conservation of the
grouping principle into a quantitative finitary version based on w™-largeness(7).

Definition 4.11 (Finite grouping principle for T'). Let Lo,L1 be largeness
notions and f : [X]® — k a coloring. A finite sequence of Lo-large sets
Fy<Fy << Fy_qis an (Lo, L1)-grouping(T) for f if:

o for any H Cy;, N, if HNF; # 0 for every i < k, then H € L4, and,
o for every H € [k]", f is monochromatic on [],. 4 F;
o foreveryi < j<k—1, F; and F; are T-apart.

Let (Lo, £1)-FGP(T') be the statement that for any infinite set X C N, there
exists some finite set Y C X such that for any coloring f : [Y]™ — k, there
exists an (Lo, L1)-grouping(T) for f.

Recall that a and A are the first-order and second-order parameters appear-
ing in the formula 7.

Proposition 4.12. Let Ly and L1 be AS’A—deﬁnable largeness notions provably
in RCAg + BX) + T. Then RCAg + BXY + T proves (Lo, £1)-FGP(T).
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Proof. YaVA(T — (Lo, £1)-FGP(T)) is a II} statement. So by II1 conservation
of WKLy + GP% over RCAq + BXY, it is sufficient to prove the result using
WKLy + BX9 4 T + GP3.

By GP2, for any infinite set X and for any coloring f : [X]?> — 2 there exists
an infinite Lo-grouping for f. By BXY + T, we can furthermore assume the
blocks of these groupings to be T-apart.

For each of these grouping Yy < Y7 < ..., we can consider the following
finitely branching tree S of finite sequences o such that o(i) € ¥; for all i < |o|
and such that the finite set {o(9)|i < |o|} is not £i-large. Since £ is a largeness
notion, the tree S has no infinite branch, and therefore by WKL, there is some
bound n on the depth of the tree. So Yy < V7 < -+- < Y,,—1 is an (Lo, L1)-
grouping(T) for the corresponding coloring.

And again by WKL, there exists some finite set ¥ C X such that for any
coloring f : [Y]? — 2 there exists an (Lo, £1)-grouping(T’) for f.

So WKLo +BX9+T+GP2 + (L, £1)-FGP(T) and therefore RCAg+BX9+T F
(Lo, L£1)-FGP(T). O

‘We will use the finite grouping principle with T-apartness under the following
form. Note that in the following proposition, the integer n might depend not
only on k and ¢, but also on T. However, by adapting the direct combinatorial
proof of Kolodziejezyk and Yokoyama [16, Section 2.1] of the finitary grouping
principle with explicit bounds, one obtains a bound which does not depend on T’
(see Remark 4.14).

Proposition 4.13. For any k,{ € w, there exists n € w such that 1XY proves
that VZ Cein N, if Z is w™-large(T) and exp-sparse then

Vf 2% = 2, there exists an (w"-large(T),w*-large(T))-grouping(T) for f

Proof. Using Theorem 1.6, it is sufficient to show that WKLg + BX9 + T proves
that VX if X is infinite then

Y C XVf:[Y]? — 2, there exists an (w*-large(T), w’-large(T'))-grouping(T') for f

Which we have by Proposition 4.12 (And by Proposition 2.7, w*-largeness(T')
and w’-largeness(T') are largeness notions provably in RCAg + BX) + T'). O

Remark 4.14. The proof of Proposition 4.13 involves a generalized Parsons
theorem (Theorem 1.6) which does not provide explicit bounds for the existence
of a grouping. Kolodziejczyk and Yokoyama [16, Section 2.1] gave a direct com-
binatorial proof of the finitary grouping principle, with explicit bounds.
Largeness(T) shares many combinatorial features with the standard notion of
largeness. Howewver, there are some differences, which impact the explicit bounds
of the pigeonhole lemma for largeness(T) (Lemma 2.9). Indeed, to obtain an
w"-large(T) set after an application of RTY, one starts with an w*"-large(T) set,
while an w™ ' -large set is sufficient in the case of standard largeness.
Propagating this difference to the proof of Kotodziejczyk and Yokoyama [16,
Section 2.1], one obtain (with exp-sparsity) w?™-largeness(T) for [16, Lemma
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2.5], hence w*t1-largeness(T) for [16, Lemma 2.6], w'5"*5-largeness(T) for
[16, Lemma 2.7] and wlﬁkx("ﬂ)—largeness(T) for [16, Theorem 2.4].

For f : X — 2 a coloring of singletons, the existence of an (w™, 2)-grouping(T)
for g : (z,y) — f(x) yields an w™-large(T) f-homogeneous subset of X (by tak-
ing the first block of the grouping). We shall see in Section 7 that for alln € w
there exists some 1S-formula T and some w?**~-large(T) set X such that X
is not w™-large(T, RT%), therefore the bound obtained for the existence of an
(w™-large(T), w*-large(T))-grouping(T) is tight in the sense that it is not possi-
ble to obtain one with X w™ ") _large(T) for some h:w — w as in [16].

5 Applications to RT-like theorems

In this section, we apply the framework developed in Section 3 to prove that
the Erdés-Moser theorem, the Ascending Descending Sequence principle and
Ramsey’s theorem for pairs are VII] conservative over RCAg + BX9.

5.1 VII) conservation of EM

As explained in Section 1.2, RT% can be decomposed into two combinatori-
ally simpler statements, namely, ADS and EM. Thanks to the amalgama-
tion theorem (Theorem 1.9), since RCAg + ADS is a II} conservative extension
of RCA( +BX9, the heart of the main question lies in the first-order part of EM.

As in Proposition 4.13, the bound k,, depends on n, but also on T by default.
However, the alternative combinatorial proof yields explicit bounds which do not
depend on T (see Remark 5.2).

Proposition 5.1. For anyn € w, there exists some k,, € w such that 159 proves
that VX Cyin N if X is whn-large(T) and exp-sparse then X is w™-large(T, EM).

Proof. By external induction on n:
Case n = 0: Any w’-large(T) set is w'-large(T, EM). Thus, take ko = 0.
Case n > 0, assume the property to be true at rank n — 1. By Proposi-
tion 4.13, there is some k,, € w such that if X is w*~-large(T) and exp-sparse,
then

Vf : [X]? — 2, there exists an (w*"~1-large(T), wb-large)-grouping(T') for f

Note that w®-largeness is not w®-largeness(T) in the grouping above, but any
wS-large(T) set is also wO-large.4

We need to check that X is w”-large(T,EM). Let f : [X]?> — 2 be an
instance of EM. There exists an (w*~-1-large(T'), wS-large)-grouping(T) X, <
Xp <o < Xy for f.

By the inductive hypothesis, each block X; is w™*-large(T, EM), so for each
i < £ there exists Y; C X; w" !-large(T) and transitive for f. By definition of a
grouping, f induces a tournament on the pairs of blocks and {minY; : ¢ < £} is
wl-large and therefore w-large(EM) by Ketonen and Solovay (see Theorem 2.3).
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Therefore, there is a subset I C {0,...,l — 1} such that f is transitive on
{minY; : 4 € I} which is w-large. The set Y = (J,.;Y; is f-transitive and
w™-large(T'). We conclude by induction. O

Remark 5.2. One can propagate the explicit bounds of the grouping principle
computed in Remark 4.14 to obtain an explicit bound for Proposition 5.1: if X
is w(166+1)n—large(T), then it is w™-large(T,EM).

Note that we obtain an exponential upper bound for largeness(T, EM) while
the upper bound for regular largeness(EM) is polynomial. Since the bounds on
the grouping principle are tight, one would need to get rid of the applications of
the grouping principle to obtain a better upper bound, which seems unlikely.

Theorem 5.3. WKL + EM is VII{-conservative over RCAg + BX.

Proof. By Proposition 5.1, and Proposition 2.8, for all n € w and T a II$-
formula, RCAq 4+ BXy + T proves that w"-largeness(T, EM) is a largeness notion.
So by Theorem 3.12, EM is a VII}-conservative extension of RCAg + BXS. O

We are now ready to prove the main theorem of this article:
Theorem 1.4. WKL + RT3 is VII9-conservative over RCAg + BXS.

Proof. Since ADS is IIi-conservative over RCAg + BYY, it is in particular VII$-
conservative. By the amalgamation theorem (Theorem 1.9) and the fact that
RCAq F RT2 <> ADS + EM (see Bovykin and Weiermann [1]), remains to show
that WKLo-+EM is also VII$-conservative over RCAg+BX3, which is Theorem 5.3.

O

5.2 VIIY conservation of ADS

In this section, we give a direct inductive proof in RCAy + BX§ + T that w"-
largeness(7T, ADS) is a largeness notion, with explicit polynomial bounds. The
proof is very similar to [16, Theorem 2.11], but requires some minor adaptation
to handle T-apartness.

Proposition 5.4. Fiz n € w, 139 proves that any w*"**-large(T) set X is
w"-large(T, ADS).

Proof. Let f : [X]?> — 2 be a transitive coloring and assume by contradiction
that no f-homogeneous w”-large(T") subset of X exists.

Given z,y € X with x < y, we say that an interval [z,y] is (4, a)-long(T")
if there exists an a-large(T) set H C [z,y) N X such that x € H, H U {y} is
f-homogeneous with colour i and H and [y, max X] N X are T-apart. Define a
new colouring @ : [X]? — 4n as follows:

4k if [z, y] is (0,w")-long(T) but not (0,w* + 1)-long(T),
~ J4ak+1 if [z,y] is (0,wF + 1)-long(T) but not (0, w*+1)-long(7T),
Qa.y) = 4k +2 if [z, y] is (1,w")-long(T) but not (1,w* + 1)-long(7T),
4k +3 if [z,y] is (1,w” + 1)-long(T') but not (1,w**1)-long(T),
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By Theorem 2.3, there exists a ()-homogeneous w-large subset Y of X. The
remainder of the proof is exactly that of [16, Theorem 2.11], mutatis mutandis.
Y being w-large (and not w-large(T')) is sufficient to create T-apart blocks thanks
to the definition of an (¢, a)-long(T') interval [z, y], which ensure the existence
of an a-large(T') subset H C [z,y) which is T-apart from [y, max X].

O

Corollary 5.5. If X is w16°+D"" -large(T), then it is w"™-large(T,RT3).

Proof. Let f : [X]?> — 2 be a coloring. By Remark 5.2, there exists an w#"+4-
large(T) f-transitive set Y C X. By Proposition 5.4, there exists an w”-large(T")
f-homogeneous subset Z C Y. O

6 A conservation theorem over IX!

Since BXY is a VII] statement which is strictly stronger than 1%, then BXS
(and a fortiori RT3) is not a VIIJ conservative extension of IX9. However, in
this section, we shall give two proofs that it is the case for a particular kind
of VII) formulas. The first proof uses the techniques developed in this article,
while the second is based on the fact that every countable model of 1X0 admits
a X0 -elementary cofinal extension which is a model of BXY ;.

Definition 6.1. A formula is weakly VIIY if it is of the form
VAVaT3zVy3az' < aVy < yI20(Al,,a,2",y, 2)
where 6 is a X9 formula.

Intuitively, weakly VII{ formulas are VII} formulas for which the applications
of BYY are “hardcoded” in the syntax of the formula.

Proposition 6.2. Over RCA, + BXY, every VII$ formula is equivalent to a
weakly VI1Y formula.

Proof. Let S = VAVa3aVyI20(Al,, a,x,y,z) be a VII] formula, where 6 is 39.
Let S' = VAVa3aVyda' < zVy' < y320(Al,,a,2',y’,2) be its corresponding
weakly VIIY formula. RCAg = S — S’. We now prove that RCAg + BXY
S’ — S. Fix some A and some a. By S’, there is some x such that Vy3dz’ <
aVy < yIz0(Al,,a,2',y,z). Let f : N — x be defined by f(y) = 2’ such
that Yy < y320(Al.,a,2',y,z). By RT!, which is equivalent to BXY, there
is some infinite f-homogeneous set H for some color #’ < xz. We claim that
Vy'3z0(Al,,a,2',y, z). Indeed, given 3/, there is some y > 3’ such that y € H.
Since f(y) = «’, then by definition of f, 320(Al,,a,2’,y’,z). This completes
the proof. O

For the remainder of this section, fix a ¥J-formula 0(z,y, z) (with parame-
ters) and let T = VaIyVe' < 23y’ < yV20(a',y’, 2).
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Proposition 6.3. For every n € w, RCAg + T proves that for every k > 1,
w™ - k-largeness(T) is a largeness notion.

Proof. Exactly the proof of Proposition 2.7, but the new form of T" removes the
use of BXY. O

Proposition 6.4. If WKLy + BXS + =T, then IX{ - —T.

Proof. Assume WKLy+BX9 - =T. Then WKLy +BX9+T7 L. By Theorem 1.6
with ¢ = L, there is some n € w such that I1%Y proves VaVZ Csiy (2, 00)

7 is w™-large(T) and exp-sparse — L

Hence 129 proves that exp-sparse w”-largeness(T') is not a largeness notion,
therefore, by Proposition 6.3, RCAg+ T F L. By IIi conservation of RCA, over
129 (see Friedman [7]), IX9 - =T

O

Proposition 6.5. WKL +BX is conservative over 139 for weakly V119 formu-
las.

First proof of Proposition 6.5. Fix a X3-formula ((A],,a,,y, 2), and let T(A, a) =
VaIyWa' < 23y’ < yV2—-((Al,,a,2',y’, 2). Suppose IX{ I/ VAVa—=T(A,a). Then
there is a model M = (M, S) = ISYAT (A, a) for some A € S and a € M. Enrich
the language with a constant symbol for A and a. In particular, IX{ I/ =T(4, a),
so by Proposition 6.4, WKLg + BX§ I/ =T(4, a). Tt follows that there is a model
N = (N,R) = WKLo+BX9AT (4, a), hence N' = WKLy +BIIA-VAVa—~T (A, a),
thus WKLo + B b YAYa—T'(A, a). 0

We now give an alternative and more traditional proof of Proposition 6.5
using the notion of cofinal ¥ -elementary extension.

Definition 6.6. A model N is a cofinal extension of M C N (written M Cs
N) if for every x € N, there is some y € M such that x < y. We write
M = o N if N is a cofinal Z?L-elemenmry extension of M.

The following theorem first appeared in Paris [20], and was independently
discovered by Harvey Friedman.

Theorem 6.7 (Paris [20] ; Friedman). Letn € w and M [= 150, Then there is
N =pi1.06 M that satisfies BZ%_H.

We are now ready to give an alternative proof of Proposition 6.5.

Second proof of Proposition 6.5. Fix a X9-formula ((A[,,a,,y,z), and let
T(A,a) =VaeIyVe' < 23y’ < yVz2—-((Al,,a,2",y, 2)

Suppose 129 I/ VAVa—=T(A,a). Then there is a model M = (M,S) = 129 A
T(A,a) for some A € S and a € M. Enrich the language with a constant
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symbol for A and a. By Theorem 6.7, there exists a model N = (N, U) =3 s M
of BX9.

We claim that N = T'(A4,a). Fix some x € N. By cofinality, let x; € M
be such that z < z1. Since M = T(A4,a), there is some y; € M such that
M E V2 < 3y < y1iV2=((Al,,a,2',y,2). Since M |= IXY, the previous
formula is equivalent to a I19 formula, so since A is a X9-elementary extension
of M, N EVZ <213y < y1Vz—((Al,,a,2’,y, z). In particular, N | FyVz' <
13y < y1Vz—((Al,,a,7',y', z), and this for every x € N. Thus N | T(4, a).
It follows that BXY ¥ VAVa—T(A,a).

Last, By Hajek [8], WKLy + BX is a I} conservative extension of BX, so
WKLo + BX9 I/ VAVa—T (A4, a). O

Corollary 6.8. WKL, + RT3 is weakly VII$ conservative over 159,

Proof. Immediate from the combination of Theorem 1.4 and Proposition 6.5.
O

7 Lower bounds for largeness(7)

The proof structure of the I1$ conservation theorem for Ramsey’s theorem for
pairs and two colors followed closely the one of Patey and Yokoyama [22]. In
particular, the generalized Parsons theorem for WKLy + BX9 + T (Theorem 1.6)
is used together with the II conservation of the grouping principle, to obtain
a finitary version in terms of largeness(T") without explicit bounds (Proposi-
tion 4.13). Kolodziejezyk and Yokoyama [16, Theorem 2.4] computed explicit
bounds to the finite grouping principle in terms of largeness, by iterating a
pigeonhole lemma [16, Lemma 2.2].

The remainder of this section is devoted to the proof that the new bound of
Lemma 2.9 for the pigeonhole principle is optimal.

Definition 7.1. An w”-decomposition of an w™-large set X is a finite sequence
of w" L-large subsets Xog < -+ < X, of X \ min X for some a > min X — 1. A
finite set X is minimal for w™-largeness if it is w™-large and for every x € X,
X\ {z} is not w™-large.

Note that by regularity of largeness, for every x,n € N, there is some y > x
such that [z, y] is minimal for w”-largeness.

Lemma 7.2. Fizn > 0. Let X be minimal for w™-largeness. Then it admits a
unique w™-decomposition Xo < --- < X,. Moreover, ¢ =minX —1, {min X} U
XoU...X, =X and for every i < a, X; is minimal for w™'-largeness.

Proof. Let X be minimal for w™-largeness for some n > 0. Let Xy < --- < X,
be an w™-decomposition of X.

First, we claim that = min X — 1. Indeed, if a > min X — 1, then X \ X,
would be w"”-large, contradicting minimality of X for w™-largeness.
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Second, we claim that X; is minimal for w” !-largeness. Suppose not.
Let € X; be such that X; \ {z} is w" !-large. Then X \ {z} would be
w™-large, again contradicting minimality of X for w™-largeness.

Third, let us prove that {min X} U Xo U ...X, = X. Suppose there is
some z € X \ ({min X} U XoU...X,). Then once again, X \ {z} would be
w™-large.

Last, assume there is another w™-decomposition Yy < --- <Y, of X. Then,
by induction over ¢ < a, we prove that X; = Y;. Indeed, assuming that X; =Y;
for every j < i, since X = {min X} UXqU---UX, ={min X} UYyU---UY,,
then either X; C Y;, or ¥; C X;. By minimality of X; and Y; for w™!-largeness,
X; =Y. This completes the proof of Lemma 7.2. O

The previous lemma justifies the following definition:

Definition 7.3. Fiz a set X which is minimal for w™-largeness. The canon-
ical n-block of X is X itself. For ¢ < n, the canonical c-blocks of X are the
canonical c-blocks of the sets X;, where Xog < -++ < Xuninx—_1 18 the unique
w"-decomposition of X.

Definition 7.4. Let X minimal for w™-largeness for some n > 1. The 0-
blockfree subset of X is the set X minus all the elements belonging to a canonical
0-block of X.

Lemma 7.5. Let X minimal for w™-largeness for some n > 1. Its 0-blockfree
subset is a minimal w™ '-large subset of X.

Proof. Proceed by induction on n:

Case n = 1: Let X be w'-large, then its O-blockfree subset is equal to
{min X} which is minimal w-large.

Case n > 2: Assume the property to be true at rank n — 1, let Xg < -+ <
Xmin x—1 be the canonical w”-decomposition of X into w™ !-large sets. Let
X! be the 0-blockfree subset of X; for every ¢ < minX. By the inductive
hypothesis, every X/ is a minimal w" 2-large subset of X;, therefore the 0-
blockfree subset X’ of X is w™ !-large and X{) < --- < X/, x_; is the canonical
w"~-decomposition of X’ into w"2-large sets. O
Definition 7.6. Let X be minimal for w™-largeness. Consider ¢ x(x,y,c) a Xg
formula that is true if and only if x and y are in the same canonical c-block of
X forc<n.

Let Ox (x,y, z) be the following Yo formula:

(reXNzeXANz>y)— Ie<n, (px(y,z,¢) N—dx(z,y,¢c) Ny >x ANy € X)
Let Tx be the formula Vx3yVz0x (z,y, 2).

All of these formulas are X, since there are only finitely many elements of
X to consider. Note that n is uniquely determined by X : it is the largest
integer less or equal to max X such that X is w”-large. Being w™-large is a 3
predicate in X and n, so the formula ¢x is ¥ uniformly in X.
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Lemma 7.7. Let X be minimal for w™-largeness for somen > 1. For every sub-
sets A < B of X, A and B are Tx-apart if and only if 0 x (max A, min B, max B)
holds.

Proof. If A and B are T'x-apart, then there exists some y < min B such that
Ox (max A, y, max B). Since max A € X, max B € X and max B > y, unfolding
the definition of fx yield y € X, y > max A and there exists some ¢ < n such
that ¢x(y, max B,c) and —¢x(max A,y,c) holds. Since min B € [y, max B
and min B € X, ¢x(min B, max B, ¢) also holds, and since y € [max A, min B],
—¢x (max A, min B, ¢) holds. So 0x(max A, min B, max B) holds.

Conversely, if 0x(max A, min B, max B) holds: since max A € X, max B €
X and max B > min B, there exists some ¢ < n such that ¢ x (min B, max B, ¢)
and —¢x (max A, min B, ¢) holds. To show that A and B are Tx-apart, it is suf-
ficient to show that 0x (z, min B, z) holds for every x < max A and z < max B.
Ifx ¢ X or 2¢ Z or 2 < min B then 0x(z,min B, z) holds, so assume z € X
and z € Z and min B < z. Since z < max A and —¢x(max A, min B, ¢) holds,
then —¢x (z, min B, ¢) holds and since z < max B and ¢x(min B, max B, ¢)
holds, then ¢x(min B, z,¢) holds. Therefore, Vo < max AJy < min BVz <
max Afx (z,y, z) holds. This completes the proof of Lemma 7.7. O

Lemma 7.8. Let X be minimal for w"-largeness for some n > 1. Let Y be
a canonical c-block of X for some ¢ < n. Then 0x and 60y are equivalent for
elements of Y.

Proof. Let x,y € Y. Then for every d < ¢, ¢x(x,y,d) holds if and only if
oy (x,y,d) holds as the canonical d-block of Y are exactly the canonical d-block
of X contained in Y.
Let z,y,2z € Y, if z < y then Ox (z,y, z) and Ox (z,y, z) hold. So assume y <
z, Ox(z,y, z) holds if and only if there exists some d < n such that ¢x(y, z,d)
and —¢x (z,y,d) and y > x. Since ¢x (z,y, c) holds (as Y is a canonical ¢-block)
then d < ¢. So Ox (z,y,2) holds if and only if ¢y (y, z,d) and —¢y (z,y,d) and
y > x which is equivalent to 0y (z,y, z). This completes the proof of Lemma 7.8.
O

Combining Lemma 7.7 and Lemma 7.8 yield the following corollaries:

Corollary 7.9. Let X be minimal for w™-largeness for somen > 1 and Y a
canonical c-block of X for some ¢ < n.

1. Two subsets A < B of Y are Ty -apart, if and only if they are Tx -apart.

2. For k < c, the w*-large(Ty) subsets of Y are exactly the w*-large(Tx)
subsets of Y.

Lemma 7.10. Let X be minimal for w™-largeness for some n > 1. Let X' be
the 0-blockfree subset of X. Then 0x and Ox: are equivalent for elements of X'.
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Proof. Let x,y € X’. Then for every 1 < ¢ < n, ¢x(x,y,c) holds if and only
if ¢x/(x,y,c — 1) holds, as the canonical (¢ — 1)-blocks of X’ are exactly the
canonical c-block of X minus the elements belonging to a canonical 0-block.
Let x,y,z € X', if z < y then Ox(z,y,2) and Ox/(z,y,z) hold. So as-
sume y < z, Ox(x,y,z) holds if and only if there exists some ¢ < n such
that ¢x(y,z,¢) and —¢x(z,y,¢) and y > x. Since z,y € X', ¢ cannot be
equal to 0. So Ox(x,y,z) holds if and only if y > x and ¢x/(y,2z,c — 1) and
—¢x(z,y,c — 1) holds, which is equivalent to 0x/(x,y, z). This completes the
proof of Lemma 7.10. O

Combining Lemma 7.7 and Lemma 7.10 yield the following corollaries:

Corollary 7.11. Let X be minimal for w™-largeness for somen > 1 and X' be
its 0-blockfree subset.

1. Two subsets A < B of X' are Tx:-apart, if and only if they are Tx -apart.

2. Fork < n—1, the w*-large(Tx) subsets of X' are exvactly the w*-large(Tx )
subsets of X'.

Lemma 7.12. Let X be minimal for w™-largeness for some n > 1. Then X is
w™-large(Tx ).

Proof. For this, it suffices to prove that for every a < n, any two canonical
a-blocks Y < Z of X are Tx-apart. Let Y < Z be two such blocks. Then
¢x (min Z, max Z, a) holds since min Z and max Z belong to the same a-block,
and ¢x (max Y, min Z, a) does not hold since maxY is not in Z. It follows that
0x (max Y, min Z, max Z) holds, so by Lemma 7.7, Y and X are Tx-apart. This
completes the proof of Lemma 7.12. O

Lemma 7.13. Let X be minimal for w™-largeness for some n > 1. Let Xy <
o+ < Xomin x—1 be the canonical w™-decomposition of X into w™ !-large sets. If
A < B are two Tx -apart subsets of X, then B C X; for some i.

Proof. Since A and B are T'x-apart, then by Lemma 7.7, 6 x (max A, min B, max B)
holds. Since max A € X, max B € X and max B > min B, unfolding the defini-
tion of fx yield that there exists some ¢ < n such that ¢ x (min B, max B, ¢) and
—¢x (max A, min B, ¢) holds. Since ¢(max A, min B, n) holds (as max A, min B €
X), ¢ cannot be equal to n. On the other hand, min B and max B are in the
same canonical c-block of X, so there are in the same canonical (n — 1)-block.
So B is included in X; for some i. This completes the proof of Lemma 7.13. [

In the following proposition, recall that if X is minimal for w?”~!-largeness,
then it is w?*~!-large(Tx) by Lemma 7.12. Thus, the proposition gives us an
example of an w?"~1-large(Tx) set which is not w”-large(Tx, RT3).

Proposition 7.14. Let X be minimal for w?*~'-largeness for some n > 1.
There exists a coloring fx : X — 2 such that there is no fx-homogeneous
w"-large(Tx ) subset of X.
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Proof. Let fx be the following 2-coloring of X: for z € X, consider the smallest
¢ such that x is in a c-canonical block of X, then color x with the parity of c.

Proceed by induction on n:

Case n = 1: Let X be minimal for w-largeness (in other words, |X| =
min X 4+ 1). Then fx(min X) =1 and fx(z) = 0 for every other element of X.
So there is no fx-homogeneous w-large(Tx ) subset of X by minimality of X.

Case n: Assume the property to be true at rank n — 1, and let X be
minimal for w?*~!-largeness. Let Xy < -+ < Xmin x—1 be the canonical w?"~1-
decomposition of X into w?”2-large sets.

Assume by contradiction that there exists an fx-homogeneous w”-large(Tx)
subset Y C X, we can assume Y to be minimal for w™-largeness(Tx). Let
Yy < --- < Yiny—1 be the canonical w”-decomposition of Y into w™~!-large
sets.

There are two cases:

e Y is fx homogeneous for the color 0: Since fx(minX) =1 minX ¢ Y,
so minY > min X. By the finite pigeonhole principle, there exists some
i < min X, such that X; contains two elements of the form min Y} for some
j <minY. Since Yy < -+ < Yniny—1, we can assume these two elements
to be of the form minY;, minYj;,, so there is some 7 < minY — 1 such
that ¥; € X; and minY}; € X;. By Lemma 7.13, since Y; and Y;; are
T'x-apart, Y11 must also be included in X;.

Let X;0 < -+ < X; min x,—1 be the canonical w??~2_decomposition of X;
into w?"~3-large sets. By Corollary 7.9, since Y;, Y41 are T'x-apart and
subsets of X;, they are also T'x,-apart. So, by Lemma 7.13 applied to
Xi, Yj11 C X, for some i < min X; — 1. By Corollary 7.9, since Yj4q
is W -large(Tx) then it is w"'-large(TY, ,). But fx[X; is equal to
fx, ,,,80 Yjy1is an w”fl—large(TXi . )» [x, ,~-homogeneous subset of X i,
confradicting the induction hypothésis. ’

e Y is fx homogeneous for the color 1: Let X’ be the 0-blockfree subset of
X. Then, by Lemma 7.5, X’ is a minimal w?"~2-large subset of X and its
canonical decomposition X{ < --- < X/ . +_, satisfies that X/ is equal to
X; minus all the elements belonging to a canonical 0-block. Furthermore,
Y C X’ (since all the elements belonging to a canonical 0-block of X are
0-colored).

If maxYy € Xy then Yy C Xy, and otherwise, by the finite pigeonhole
principle, there exists some 1 < ¢ < min X such that X; contains two
elements of the form max Y. Since Yy < --- < Ypniny—1, in both cases we
have Y; C X; for some j < minY and ¢ < min X and therefore Y; C X].
By Corollary 7.11, Yj is an w"‘l—large(TX;) subset of X/. fx[X/ is equal
to 1 — fx/ (a canonical c-block of X became a canonical (¢ — 1)-block
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of X’ when we get rid of the 0-canonical elements), so Y; is an w" '-

large(T'x:), fx:-homogeneous (for the color 0) subset of X, contradicting
the induction hypothesis.

We conclude by induction. This completes the proof of Proposition 7.14. O

8 Open questions

There exists a close connection between explicit bounds computation for large-
ness, and proof speedup theorems. In particular Kolodziejczyk, Wong and
Yokoyama [15] proved that Ramsey’s theorem for pairs and two colors has at
most polynomial speedup over RCAq for VIIJ sentences, using the fact that
w309 _largeness is sufficient to obtain a homogeneous w™-large set for every in-
stance of RT3. The exponential bounds of largeness(T') for Ramsey’s theorem
for pairs yields the following natural questions:

Question 8.1. Does RT% admit exponential proof speedup over RCAg + BX9 ?

Question 8.2. Is there a polynomial p such that for every n, every wP(™ -
large(T) set is w™-large(T,RT3)?

The lower bound for the pigeonhole principle uses a formula T'x which de-
pends on the considered set X.

Question 8.3. Is there a 11 formula T such that for every n € w, every w"-
large(T,RT3) set is w?" ' -large(T) ?

We note that Question 8.1 is essential for the original question on IIi-
conservation (Question 1.1). By the discussion of [6, Section 5] and an upcoming
paper by Ikari and Yokoyama, if RCA0—|—RT§ is TI2-conservative over RCAg+BX9,
then there exists a poly-time proof transformation between RCAy + RT% and
RCA + BXY for ITi-consequences. Thus, a positive answer to Question 8.1
implies that our I1-conservation is the best possible.
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